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01  |  START WITH IMAGES

Image classification, nearest neighbors,
and data splits
From the image-classification task through pixel-distance failure and the KNN summary.

Stanford CS231n, Lecture 2, printed slides 6-50. The exported PDF omits printed slide numbers 32 and 49.

COMP 322
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Image Classification
A Core Task in Computer Vision

Today: 
● The image classification task
● Two basic data-driven approaches to image classification

○ K-nearest neighbor and linear classifier
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Image Classification: A core task in Computer Vision

7

cat

This image by Nikita is 
licensed under CC-BY 2.0

(assume given a set of possible labels)
{dog, cat, truck, plane, ...}
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This image by Nikita is 
licensed under CC-BY 2.0

The Problem: Semantic Gap

8

What the computer sees

An image is a tensor of integers 
between [0, 255]:

e.g. 800 x 600 x 3
(3 channels RGB)
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Challenges: Viewpoint variation

9

All pixels change when 
the camera moves!

This image by Nikita is 
licensed under CC-BY 2.0
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Challenges: Illumination

10

This image is CC0 1.0 public domain This image is CC0 1.0 public domain This image is CC0 1.0 public domain This image is CC0 1.0 public domain
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This image is CC0 1.0 public domain

Challenges: Background Clutter

This image is CC0 1.0 public domain
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Challenges: Occlusion

12

This image is CC0 1.0 public domain
This image by jonsson is licensed 

under CC-BY 2.0
This image is CC0 1.0 public domain
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Challenges: Deformation

13

This image by Umberto Salvagnin is 

licensed under CC-BY 2.0

This image by Tom Thai is licensed 
under CC-BY 2.0 

This image by sare bear is 
licensed under CC-BY 2.0

This image by Umberto Salvagnin is 
licensed under CC-BY 2.0



Stanford CS231n 10th Anniversary Lecture 2 - April 3, 2025

Challenges: Intraclass variation

14

This image is CC0 1.0 public domain
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Challenges: Context

Image source: https://www.linkedin.com/posts/ralph-aboujaoude-diaz-40838313_technology-artificialintelligence-computervision-activity-

6912446088364875776-h-Iq?utm_source=linkedin_share&utm_medium=member_desktop_web
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Modern computer vision algorithms   

16

This image is CC0 1.0 public domain
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An image classifier

17

Unlike e.g. sorting a list of numbers,

no obvious way to hard-code the algorithm for 
recognizing a cat, or other classes.
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Attempts have been made

18

John Canny, “A Computational Approach to Edge Detection”, IEEE TPAMI 1986

Find edges Find corners

?
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Machine Learning: Data-Driven Approach

19

1. Collect a dataset of images and labels
2. Use Machine Learning algorithms to train a classifier
3. Evaluate the classifier on new images

Example training set
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Nearest Neighbor Classifier

20
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First classifier: Nearest Neighbor

21

Memorize all data 
and labels

Predict the label of 
the most similar 
training image
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First classifier: Nearest Neighbor

22

Distance Metric

Training data with labels

query data

?

deer bird plane cat car
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Distance Metric to compare images

23

L1 distance:

add
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Nearest Neighbor classifier
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Nearest Neighbor classifier

Memorize training data
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Nearest Neighbor classifier

For each test image:
Find closest train image
Predict label of nearest image
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Nearest Neighbor classifier

Q: With N examples, how 
fast are training and 
prediction?

Ans: Train O(1),
predict O(N)

This is bad: we want 
classifiers that are fast at 
prediction; slow for 
training is ok
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Nearest Neighbor classifier

Many methods exist for fast / 
approximate nearest 
neighbor (beyond the scope 
of 231N!)

A good implementation:
https://github.com/facebookresearch/faiss

Johnson et al, “Billion-scale similarity search with 
GPUs”, arXiv 2017
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What does this look like?

29

1-nearest neighbor
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K-Nearest Neighbors

30

Instead of copying label from nearest neighbor, 
take majority vote from K closest points

K = 1 K = 3 K = 5
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K-Nearest Neighbors: Distance Metric

31

L1 (Manhattan) distance L2 (Euclidean) distance
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K-Nearest Neighbors: Distance Metric - Example

33

A(1, 0)O(0,0)

B(0.5, 0.5)

d1(O,A) = |0-1| + |0-0| = 1

d1(O,B) = |0-0.5| + |0-0.5| = 0.5 + 0.5 = 1

d1(O,A) = d1(O,B) = 1 

A(1, 0)O(0,0)

B(1/√2, 1/√2)

L2 Distance: Measures the straight-line 

distance (as the crow flies).
L1 Distance: Measures distance by moving along 

grid lines (like walking in a city with square blocks).

d2(O,B) = sqrt((0-1/√2)2 + (0-1/√2)2) = sqrt(1/2+1/2) = sqrt(1) = 1

d2(O,A) = sqrt((0-1)2 + (0-0)2) = sqrt(12) = 1 

d2(O,A) = d2(O,A) = 1
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K-Nearest Neighbors: Distance Metric

34

L1 (Manhattan) distance L2 (Euclidean) distance

K = 1 K = 1
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K-Nearest Neighbors: try it yourself! 

35

http://vision.stanford.edu/teaching/cs231n-demos/knn/
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Hyperparameters

36

What is the best value of k to use?
What is the best distance to use?

These are hyperparameters: choices about the 
algorithms themselves.

Very problem/dataset-dependent. 
Must try them all out and see what works best.
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Setting Hyperparameters

37

Idea #1: Choose hyperparameters that 
work best on the training data

train
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Setting Hyperparameters

38

Idea #1: Choose hyperparameters that 
work best on the training data

BAD: K = 1 always works 
perfectly on training data

train
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Setting Hyperparameters

39

Idea #1: Choose hyperparameters that 
work best on the training data

BAD: K = 1 always works 
perfectly on training data

Idea #2: choose hyperparameters 
that work best on test data

train test

train
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Setting Hyperparameters

40

BAD: K = 1 always works 
perfectly on training data

BAD: No idea how algorithm 
will perform on new data

train test

Idea #2: choose hyperparameters 
that work best on test data

train

Idea #1: Choose hyperparameters that 
work best on the training data

Never do this!
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Setting Hyperparameters

41

BAD: K = 1 always works 
perfectly on training data

BAD: No idea how algorithm 
will perform on new data

train test

Idea #3: Split data into train, val; choose 
hyperparameters on val and evaluate on test

Better!

train testvalidation

train

Idea #1: Choose hyperparameters that 
work best on the training data

Idea #2: choose hyperparameters 
that work best on test data
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Example Dataset: CIFAR10

43

Alex Krizhevsky, “Learning Multiple Layers of Features from Tiny I mages”, Technical Report, 2009.

10 classes
50,000 training images
10,000 testing images
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Example Dataset: CIFAR10

44

Alex Krizhevsky, “Learning Multiple Layers of Features from Tiny I mages”, Technical Report, 2009.

10 classes
50,000 training images
10,000 testing images Test images and nearest neighbors
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What does this look like?
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What does this look like?
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k-Nearest Neighbor with pixel distance never used.

- Distance metrics on pixels are not informative

Original Occluded Shifted (1 pixel) TintedOriginal image is CC0 
public domain

(All three images on the right have the same pixel distances to the one on the left)
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K-Nearest Neighbors: Summary

In image classification we start with a training set of images and labels, and must 

predict labels on the test set 

The K-Nearest Neighbors classifier predicts labels based on the K nearest training 

examples

Distance metric and K are hyperparameters

Choose hyperparameters using the validation set

Only run on the test set once at the very end!

50



OPTIONAL SECTION

Cross-validation
Optional: the fold-based validation idea and a small-data example.

Stanford CS231n, Lecture 2, printed slides 42 and 45.

COMP 322
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Setting Hyperparameters

42

fold 1 fold 2 fold 3 fold 4 fold 5

Idea #4: Cross-Validation: Split data into folds, try 
each fold as validation and average the results

fold 1 fold 2 fold 3 fold 4 fold 5

testfold 1 fold 2 fold 3 fold 4 fold 5

Useful for small datasets, but not used too frequently in deep learning

train

fold 1 fold 2 fold 3 fold 4 fold 5

fold 1 fold 2 fold 3 fold 4 fold 5
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Setting Hyperparameters

45

Example of
5-fold cross-validation
for the value of k.

Each point: single
outcome. 

The line goes
through the mean, bars
indicated standard
deviation

(Seems that k ~= 7 works best
for this data)



SECTION

A short perceptron history bridge
Original threshold unit, early MLP framing, and the classic perceptron update.

CMU 11-785, Lecture 3, slides 7, 34, and 43-45.

COMP 322



The original perceptron

• Simple threshold unit
– Unit comprises a set of weights and a threshold

7

ଵ

ଶ

ଷ

ே



History: The original MLP

• The original MLP as proposed by Rosenblatt: a 
network of threshold units
– But how do you train it?

• Given only “training” instances of input-output pairs
34
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The online perceptron solution

• The popular solution, originally proposed by 
Rosenblatt is an online algorithm
– The famous “perceptron” algorithm

• Initializes and incrementally updates it each 
time we encounter an instance that is incorrectly 
classified
– Guaranteed to find the correct solution for linearly 

separable data

43



Perceptron Algorithm: Summary

• Cycle through the training instances

• Only update on misclassified instances

• If instance misclassified:
– If instance is positive class (positive misclassified as 

negative)

– If instance is negative class (negative misclassified 
as positive) 

44



Perceptron Learning Algorithm

• Given training instances 
– ௜ or 

• Initialize 
• Cycle through the training instances:
• do

– For 𝑡𝑟𝑎𝑖𝑛

௜
்

௜

• If ௜ ௜

௜ ௜

• until no more classification errors

45

Using a +1/-1 representation
for classes to simplify
notation



SECTION

Linear classifiers
Turn image pixels into class scores with a parameterized linear model.

Stanford CS231n, Lecture 2, printed slides 51-84. The SVM-loss section begins after this range.

COMP 322
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Linear Classifier
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Parametric Approach

52

Image

f(x,W)
10 numbers giving 
class scores

Array of 32x32x3 numbers
(3072 numbers total)

parameters
or weights

W
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Parametric Approach: Linear Classifier

53

Image

parameters
or weights

W

f(x,W)
10 numbers giving 
class scores

Array of 32x32x3 numbers
(3072 numbers total)

f(x,W)   =  W x
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Parametric Approach: Linear Classifier

54

Image

parameters
or weights

W

f(x,W)
10 numbers giving 
class scores

Array of 32x32x3 numbers
(3072 numbers total)

f(x,W)   =  W x
10x1 10x3072

3072x1
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Parametric Approach: Linear Classifier

55

Image

parameters
or weights

W

f(x,W)
10 numbers giving 
class scores

Array of 32x32x3 numbers
(3072 numbers total)

f(x,W)   =  W x  + b
3072x1

10x1 10x3072

10x1
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This image is CC0 1.0 public domain

Neural Network

Linear 
classifiers
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[Krizhevsky et al. 2012]

[He et al. 2015]

Linear layers
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Recall CIFAR10

58

50,000 training images
each image is 32x32x3

10,000 test images.
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Example with an image with 4 pixels, and 3 classes (cat/dog/ship)

Input image

56

231

24

2

56 231

24 2

Flatten tensors into a vector
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Example with an image with 4 pixels, and 3 classes (cat/dog/ship)
Algebraic Viewpoint

0.2 -0.5 0.1 2.0

1.5 1.3 2.1 0.0

0 0.25 0.2 -0.3

W
Input image

56

231

24

2

56 231

24 2

1.1

3.2

-1.2

+

-96.8

437.9

61.95

=

Cat score

Dog score

Ship score

b

Flatten tensors into a vector
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Interpreting a Linear Classifier

61
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Interpreting a Linear Classifier: Visual Viewpoint

62
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Interpreting a Linear Classifier: Geometric Viewpoint

63

f(x,W) = Wx + b

Array of 32x32x3 numbers
(3072 numbers total)

Cat image by Nikita is licensed under CC-BY 2.0Plot created using Wolfram Cloud
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Hard cases for a linear classifier

64

Class 1: 
First and third quadrants

Class 2: 
Second and fourth quadrants

Class 1: 
1 <= L2 norm <= 2

Class 2:
Everything else

Class 1: 
Three modes

Class 2:
Everything else
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Linear Classifier – Choose a good W

65

1. Define a loss function that quantifies 
our unhappiness with the scores 
across the training data.

2. Come up with a way of efficiently 
finding the parameters that minimize 
the loss function. (optimization)

Cat image by Nikita is licensed under CC-BY 2.0; Car image is CC0 1.0 public domain; Frog image is in the public domain
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cat

frog

car

3.2

5.1

-1.7

4.9

1.3

2.0 -3.1

2.5

2.2

Suppose: 3 training examples, 3 classes.
With some W the scores                           are:
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cat

frog

car

3.2

5.1

-1.7

4.9

1.3

2.0 -3.1

2.5

2.2

Suppose: 3 training examples, 3 classes.
With some W the scores                           are:

A loss function tells how good 
our current classifier is
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cat

frog

car

3.2

5.1

-1.7

4.9

1.3

2.0 -3.1

2.5

2.2

Suppose: 3 training examples, 3 classes.
With some W the scores                           are:

A loss function tells how good 
our current classifier is

Given a dataset of examples

Where       is image and 
is (integer) label
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cat

frog

car

3.2

5.1

-1.7

4.9

1.3

2.0 -3.1

2.5

2.2

Suppose: 3 training examples, 3 classes.
With some W the scores                           are:

A loss function tells how good 
our current classifier is

Given a dataset of examples

Where       is image and 
is (integer) label

Loss over the dataset is a average 
of loss over examples:
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Softmax classifier

70
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

exp

unnormalized 
probabilities

Probabilities 
must be >= 0
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilities



Stanford CS231n 10th Anniversary Lecture 2 - April 3, 202575

Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilitiesUnnormalized log-
probabilities / logits
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilitiesUnnormalized log-
probabilities / logits

Li = -log(0.13)
= 2.04
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilitiesUnnormalized log-
probabilities / logits

Li = -log(0.13)
= 2.04

Maximum Likelihood Estimation
Choose weights to maximize the 
likelihood of the observed data
(See CS 229 for details)
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilitiesUnnormalized log-
probabilities / logits

1.00

0.00

0.00
Correct 
probs

compare
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilitiesUnnormalized log-
probabilities / logits

1.00

0.00

0.00
Correct 
probs

compare

Kullback–Leibler
divergence
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

24.5

164.0

0.18

0.13

0.87

0.00

exp normalize

unnormalized 
probabilities

Probabilities 
must be >= 0

Probabilities 
must sum to 1

probabilitiesUnnormalized log-
probabilities / logits

1.00

0.00

0.00
Correct 
probs

compare

Cross Entropy
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

Maximize probability of correct class Putting it all together:
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

Maximize probability of correct class Putting it all together:

Q1: What is the min/max possible softmax loss Li?

Q2: At initialization all sj will be approximately equal; 
what is the softmax loss Li, assuming C classes?
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Softmax Classifier (Multinomial Logistic Regression)

cat

frog

car

3.2

5.1

-1.7

Want to interpret raw classifier scores as probabilities

Softmax
Function

Maximize probability of correct class Putting it all together:

Q2: At initialization all s will be 
approximately equal; what is the loss?
A: -log(1/C) = log(C), 
If C = 10, then Li = log(10) ≈ 2.3



Stanford CS231n 10th Anniversary Lecture 2 - April 3, 202584

Coming up:

- Regularization
- Optimization

f(x,W) = Wx + b



SECTION

Neurons, activations, and stacking
layers
The unit, nonlinear activation, and why composing layers expands what the model can
express.

MIT 6.S191, Lecture 1, slides 21-43.

COMP 322

















































SECTION

Neural-network tasks and losses
Apply neural networks to prediction tasks and define training objectives.

MIT 6.S191, Lecture 1, slides 44-53.

COMP 322























SECTION

Logistic regression: smooth scores for
classification
Replace a hard threshold with a differentiable probability model.

CMU 11-785, Lecture 3, slides 94-124.

COMP 322



History..

• The realization that training an entire MLP was 
a combinatorial optimization problem stalled 
development of neural networks for well over 
a decade!

94



The problem

• Our binary error metric is not useful
– To improve the classifier we must move the blue dotted line 

left
– But if we move it only slightly, moving it either right or left 

results in no change in error 95

ଵ ଶ ଷ ସ ହ



Why this problem?

• The perceptron is a flat function with zero derivative everywhere, 
except at 0 where it is non-differentiable
– You can vary the weights a lot without changing the error
– There is no indication of which direction to change the weights to 

reduce error 96



This only compounds on larger 
problems

• Individual neurons’ weights can change significantly without changing 
overall error

• The simple MLP is a flat, non-differentiable function
– Actually a function with 0 derivative nearly everywhere, and no derivatives at 

the boundaries
97

x1 x2

x2



A second problem: What we actually 
model

• Real-life data are rarely clean
– Not linearly separable
– Rosenblatt’s perceptron learning rule wouldn’t 

work in the first place
98



The solution

• Change our way of computing the mismatch such that modifying the 
classifier slightly lets us know if we are going the right way or not
– This requires changing both, our activation functions, and the manner in 

which we evaluate the mismatch between the classifier output and the 
target output

– Our mismatch function will now not actually count errors, but a proxy for it
99
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Solution: Differentiable activation

• Let’s make the neuron differentiable, with non-zero derivatives over 
much of the input space
– Small changes in weight can result in non-negligible changes in output
– This enables us to estimate the parameters using gradient descent 

techniques..
100
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Differentiable Mismatch function

• Threshold activation: shifting the threshold from T1 to T2 does not change 
classification error
– Does not indicate if moving the threshold left was good or not

101

T1 T2x x

y y

• Smooth, continuously varying activation: Classification based on whether the 
output is greater than 0.5 or less
– Quantify how much the output differs from the desired target value (0 or 1)
– Moving the function left or right changes this quantity, even if the classification error itself 

doesn’t change

T2T1

0.5 0.5



Poll 3 (@209, @210)
• Which of the following are true of the threshold activation

– Increasing (or decreasing) the threshold will not change the overall classification error unless 
the threshold moves past a misclassified training sample

– We cannot know if a change (increase of decrease) of the threshold moves it in the correct 
direction that will result in a net decrease in classification error

– The derivative of the classification error with respect to the threshold gives us an indication of 
whether to increase or decrease the threshold

• Which of the following are true of the continuous activation (sigmoid)
– Shifting the function left or right will not change the overall classification error unless the 

crossover point (where the function crosses 0.5) moves past a misclassified training sample
– Shifting the function will change the total distance of the value of the function from its target 

value at the training instances
– The derivative of the total distance with respect to the shift of the function gives us an 

indication of which direction to shift the function to improve classification error
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Poll 3
• Which of the following are true of the threshold activation

– Increasing (or decreasing) the threshold will not change the overall classification error unless 
the threshold moves past a misclassified training sample

– We cannot know if a change (increase of decrease) of the threshold moves it in the correct 
direction that will result in a net decrease in classification error

– The derivative of the classification error with respect to the threshold gives us an indication of 
whether to increase or decrease the threshold

• Which of the following are true of the continuous activation (sigmoid)
– Shifting the function left or right will not change the overall classification error unless the 

crossover point (where the function crosses 0.5) moves past a misclassified training sample
– Shifting the function will change the total distance of the value of the function from its 

target value at the training instances
– The derivative of the total distance with respect to the shift of the function gives us an 

indication of which direction to shift the function to improve classification error
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The two key requirements for 
learnability

104

• Continuously varying activation
– Differentiable

• Continuously varying error function
– Also differentiable
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The two key requirements for 
learnability
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• Continuously varying activation
– Differentiable

• Continuously varying error function
– Also differentiable
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Continuous Activations

• Replace the threshold activation with continuous graded activations
– E.g.  RELU, softplus, sigmoid etc.

• The activations are differentiable almost everywhere
– Have derivatives almost everywhere
– And have “subderivatives” at non-differentiable corners

• Bounds on the derivative that can substitute for derivatives in our setting
• More on these later 106
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The sigmoid activation is special

• This particular one has a nice interpretation

• It can  be interpreted as 
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Non-linearly separable data

• Two-dimensional example
– Blue dots (on the floor) on the “red” side
– Red dots (suspended at Y=1) on the “blue” side
– No line will cleanly separate the two colors
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Non-linearly separable data: 1-D example

• One-dimensional example for visualization
– All (red) dots at Y=1 represent instances of class Y=1
– All (blue) dots at Y=0 are from class Y=0
– The data are not linearly separable

• In this 1-D example, a linear separator is a threshold
• No threshold will cleanly separate red and blue dots
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The probability of y=1

• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of Y=1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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• Consider this differently: at each point look at a small 
window around that point

• Plot the average value within the window
– This is an approximation of the probability of 1 at that point
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The logistic regression model

• Class 1 becomes increasingly probable going left to right
– Very typical in many problems
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Logistic regression

• This the perceptron with a sigmoid activation
– It actually computes the probability that the input belongs to class 1

124

When X is a 2-D variable

x1

x2

Decision: y > 0.5?
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SECTION

Training neural networks
A compact bridge from the model to the training process.

MIT 6.S191, Lecture 1, slides 54-56.

COMP 322









SECTION

Gradient descent and optimizer variants
The valley picture, gradient descent, and practical update methods.

Stanford CS231n, Lecture 3, printed slides 31-95.

COMP 322
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This image is CC0 1.0 public domain
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Walking man image is CC0 1.0 public domain
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Strategy #1: A first very bad idea solution: Random search
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Lets see how well this works on the test set...

15.5% accuracy! not bad!

(SOTA is ~99.7%)
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Strategy #2: Follow the slope
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Strategy #2: Follow the slope

In 1-dimension, the derivative of a function:

In multiple dimensions, the gradient is the vector of (partial derivatives) along 

each dimension

The slope in any direction is the dot product of the direction with the gradient

The direction of steepest descent is the negative gradient
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current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

gradient dW:

[?,

?,

?,

?,

?,

?,

?,

?,

?,…]
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current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (first dim):

[0.34 + 0.0001,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25322

gradient dW:

[?,

?,

?,

?,

?,

?,

?,

?,

?,…]
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gradient dW:

[-2.5,

?,

?,

?,

?,

?,

?,

?,

?,…]

(1.25322 - 1.25347)/0.0001

= -2.5

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (first dim):

[0.34 + 0.0001,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25322
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gradient dW:

[-2.5,

?,

?,

?,

?,

?,

?,

?,

?,…]

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (second dim):

[0.34,

-1.11 + 0.0001,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25353
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gradient dW:

[-2.5,

0.6,

?,

?,

?,

?,

?,

?,

?,…]

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (second dim):

[0.34,

-1.11 + 0.0001,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25353

(1.25353 - 1.25347)/0.0001

= 0.6



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202542

gradient dW:

[-2.5,

0.6,

?,

?,

?,

?,

?,

?,

?,…]

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (third dim):

[0.34,

-1.11,

0.78 + 0.0001,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347
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gradient dW:

[-2.5,

0.6,

0,

?,

?,

?,

?,

?,

?,…]

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (third dim):

[0.34,

-1.11,

0.78 + 0.0001,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

(1.25347 - 1.25347)/0.0001

= 0
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gradient dW:

[-2.5,

0.6,

0,

?,

?,

?,

?,

?,

?,…]

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

W + h (third dim):

[0.34,

-1.11,

0.78 + 0.0001,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

Numeric Gradient

- Slow! Need to loop over 

all dimensions

- Approximate
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This is silly. The loss is just a function of W:

want
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This is silly. The loss is just a function of W:

want

This image is in the public 
domain

This image is in the public 
domain

Use calculus to compute an 

analytic gradient
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gradient dW:

[-2.5,

0.6,

0,

0.2,

0.7,

-0.5,

1.1,

1.3,

-2.1,…]

current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,…] 

loss 1.25347

dW = ...

(some function 

data and W)
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In summary:

- Numerical gradient: approximate, slow, easy to write

- Analytic gradient: exact, fast, error-prone

=>

In practice: Always use analytic gradient, but check 

implementation with numerical gradient. This is called a 

gradient check.
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Gradient Descent
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original W

negative gradient direction
W_1

W_2
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Stochastic Gradient Descent (SGD)

52

Full sum expensive 

when N is large!

Approximate sum 

using a minibatch of 
examples

32 / 64 / 128 common
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?

What does gradient descent do?

w2

w1
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?

What does gradient descent do?

Very slow progress along shallow dimension, jitter along steep direction
w2

w1
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?

What does gradient descent do?

Very slow progress along shallow dimension, jitter along steep direction

Aside: Loss function has high condition number: ratio of largest to 

smallest singular value of the Hessian matrix is large

w2

w1
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Optimization: Problem #2 with SGD

What if the loss 

function has a 

local minima or 

saddle point?

lo
s
s

w
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Optimization: Problem #2 with SGD

What if the loss 

function has a 

local minima or 

saddle point?

Zero gradient, 

gradient descent 

gets stuck
lo

s
s

w



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202558

Optimization: Problem #2 with SGD

What if the loss 

function has a 

local minima or 

saddle point?

Saddle points much 

more common in 

high dimension
Dauphin et al, “Identifying and attacking the saddle point problem in high-dimensional non-convex optimization”, NIPS 2014
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Optimization: Problem #2 with SGD

Image source: https://en.wikipedia.org/wiki/Saddle_point

saddle point in two dimension
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Optimization: Problem #3 with SGD

Our gradients come from 

minibatches so they can be noisy!



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202561

SGD + Momentum

Local Minima Saddle points

Poor Conditioning

Gradient Noise

SGD SGD+Momentum
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SGD: the simple two line update code

SGD
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SGD + Momentum:
continue moving in the general direction as the previous iterations

SGD

- Build up “velocity” as a running mean of gradients

- Rho gives “friction”; typically rho=0.9 or 0.99

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013

SGD+Momentum
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SGD + Momentum:
continue moving in the general direction as the previous iterations

SGD

- Build up “velocity” as a running mean of gradients

- Rho gives “momentum”; typically rho=0.9 or 0.99

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013

SGD+Momentum
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SGD + Momentum: 
alternative equivalent formulation

SGD+Momentum SGD+Momentum

You may see SGD+Momentum formulated different ways, 

but they are equivalent - give same sequence of x

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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More Complex Optimizers: RMSProp

SGD + 

Momentum

RMSProp

Tieleman and Hinton, 2012

Adds element-wise scaling of the 

gradient based on the historical sum of 

squares in each dimension (with decay)
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More Complex Optimizers: RMSProp

SGD + 

Momentum

RMSProp

Tieleman and Hinton, 2012

“Per-parameter learning rates” 

or “adaptive learning rates”
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RMSProp

RMSProp

Tieleman and Hinton, 2012

Q: What happens with RMSProp?
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RMSProp

RMSProp

Tieleman and Hinton, 2012

Q: What happens with RMSProp? Progress along “steep” directions is damped; 

progress along “flat” directions is accelerated
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RMSProp

SGD

SGD+Momentum

RMSProp
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Optimizers: Adam (almost)

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202572

Adam (almost)

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015

Momentum

RMSProp

Sort of like RMSProp with momentum

Q: What happens at first timestep?
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Adam (full form)

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015

Momentum

AdaGrad / RMSProp

Bias correction

Bias correction for the fact that 

first and second moment 

estimates start at zero
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Adam (full form)

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015

Momentum

AdaGrad / RMSProp

Bias correction

Bias correction for the fact that 

first and second moment 

estimates start at zero

Adam with beta1 = 0.9, 

beta2 = 0.999, and learning_rate = 1e-3 or 5e-4

is a great starting point for many models! 
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Adam 

SGD

SGD+Momentum

RMSProp

Adam
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AdamW: Adam Variant with Weight Decay 

Q: How does regularization interact 

with the optimizer? (e.g., L2)



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202577

AdamW: Adam Variant with Weight Decay 

A: It depends!

Q: How does regularization interact 

with the optimizer? (e.g., L2)
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AdamW: Adam Variant with Weight Decay 

Standard Adam computes L2 here

Q: How does regularization interact 

with the optimizer? (e.g., L2)

Used during moment 

calculations!
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AdamW: Adam Variant with Weight Decay 

Q: How does regularization interact 

with the optimizer? (e.g., L2)

AdamW (Weight Decay) adds term here

Computed after the 

moments!



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202580

AdamW: Adam Variant with Weight Decay 

Source: https://www.fast.ai/posts/2018-07-02-

adam-weight-decay.html

Im
a
g

e
N

e
t 
A

c
cu

ra
c
y

Training Epoch

Q: How does regularization interact 

with the optimizer? (e.g., L2)

AdamW (Weight Decay) adds term here

Standard Adam computes L2 here
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Learning rate schedules

81

Learning rate
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SGD, SGD+Momentum, RMSProp, Adam, AdamW all have 

learning rate as a hyperparameter.

Q: Which one of these learning 

rates is best to use?
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Q: Which one of these learning 

rates is best to use?

A: In reality, all of these could be 

good learning rates.

SGD, SGD+Momentum, RMSProp, Adam, AdamW all have 

learning rate as a hyperparameter.
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Learning rate decays over time

Reduce learning rate

Step: Reduce learning rate at a few fixed 

points. E.g. for ResNets, multiply LR by 0.1 

after epochs 30, 60, and 90.
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Learning Rate Decay

: Initial learning rate

: Learning rate at epoch t

: Total number of epochs

Loshchilov and Hutter, “SGDR: Stochastic Gradient Descent with Warm Restarts”, ICLR 2017
Radford et al, “Improving Language Understanding by Generative Pre-Training”, 2018
Feichtenhofer et al, “SlowFast Networks for Video Recognition”, arXiv 2018

Child at al, “Generating Long Sequences with Sparse Transformers”, arXiv 2019

Step: Reduce learning rate at a few fixed 

points. E.g. for ResNets, multiply LR by 0.1 

after epochs 30, 60, and 90.

Cosine:
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Learning Rate Decay

: Initial learning rate

: Learning rate at epoch t

: Total number of epochs

Loshchilov and Hutter, “SGDR: Stochastic Gradient Descent with Warm Restarts”, ICLR 2017
Radford et al, “Improving Language Understanding by Generative Pre-Training”, 2018
Feichtenhofer et al, “SlowFast Networks for Video Recognition”, arXiv 2018

Child at al, “Generating Long Sequences with Sparse Transformers”, arXiv 2019

Step: Reduce learning rate at a few fixed 

points. E.g. for ResNets, multiply LR by 0.1 

after epochs 30, 60, and 90.

Cosine:
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Learning Rate Decay

Devlin et al, “BERT: Pre-training of Deep Bidirectional Transformers for
Language Understanding”, 2018

Step: Reduce learning rate at a few fixed 

points. E.g. for ResNets, multiply LR by 0.1 

after epochs 30, 60, and 90.

Cosine:

Linear:

: Initial learning rate

: Learning rate at epoch t

: Total number of epochs
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Step: Reduce learning rate at a few fixed 

points. E.g. for ResNets, multiply LR by 0.1 

after epochs 30, 60, and 90.

Cosine:

Linear:

Inverse sqrt: 

Learning Rate Decay

: Initial learning rate

: Learning rate at epoch t

: Total number of epochs
Vaswani et al, “Attention is all you need”, NIPS 2017
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High initial learning rates can make loss 

explode; linearly increasing learning rate 

from 0 over the first ~5,000 iterations can 

prevent this.

Empirical rule of thumb: If you increase the 

batch size by N, also scale the initial 

learning rate by N

Learning Rate Decay: Linear Warmup

Goyal et al, “Accurate, Large Minibatch SGD: Training ImageNet in 1 Hour”, arXiv 2017



Stanford CS231n 10th Anniversary Lecture 3 - April 8, 202590

First-Order Optimization

Loss

w1
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First-Order Optimization

Loss

w1

(1) Use gradient form linear approximation

(2) Step to minimize the approximation
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Second-Order Optimization

Loss

w1

(1) Use gradient and Hessian to form quadratic approximation

(2) Step to the minima of the approximation
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second-order Taylor expansion:

Solving for the critical point we obtain the Newton parameter update:

Second-Order Optimization

Q: Why is this bad for deep learning?
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second-order Taylor expansion:

Solving for the critical point we obtain the Newton parameter update:

Second-Order Optimization

Q: Why is this bad for deep learning?

Hessian has O(N^2) elements

Inverting takes O(N^3)

N = (Tens or Hundreds of) Millions
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- Adam(W) is a good default choice in many cases; it 

often works ok even with constant learning rate

- SGD+Momentum can outperform Adam but may 

require more tuning of LR and schedule

- If you can afford to do full batch updates then look 

beyond 1st order optimization (2nd order and 

beyond)

In practice:



SECTION

From gradient descent to
backpropagation
Use a small network to motivate how a parameter change affects the final loss.

MIT 6.S191, Lecture 1, slides 57-70.

COMP 322































SECTION

Calculus refresher and a full
forward/backward pass
Derivative, partial derivative, chain rule, forward pass, and backward pass.

TEACHING NOTE
CMU calls its per-example error a 'divergence' in this lecture. For the general setting, 'loss' is the broader term; write
the example loss as ell(y_hat, y).

CMU 11-785, Lecture 5, slides 2-60.

COMP 322



Training neural nets through Empirical 
Risk Minimization: Problem Setup

• Given a training set of input-output pairs 

• The divergence on the ith instance is 
–

• The loss (empirical risk)

• Minimize w.r.t using gradient descent

2



Notation

• The input layer is the 0th layer

• We will represent the output of the i-th perceptron of the kth layer as ௜
(௞)

– Input to network: ௜
(଴)

௜

– Output of network:  ௜ ௜
(ே)

• We will represent the weight of the connection between the i-th unit of 
the k-1th layer and the jth unit of the k-th layer as ௜௝

(௞)

– The bias to the jth unit of the k-th layer is ௝
(௞)

3
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Recap: Gradient Descent Algorithm

• Initialize: 
–

–

• do 
–  
–

• while 

11-755/18-797 4

To minimize any function Loss(W) w.r.t W



Recap: Gradient Descent Algorithm

• In order to minimize w.r.t. 
• Initialize: 

–

–

• do
– For every component 

•
೔

–

• while 
11-755/18-797 5

Explicitly stating it by component



Training Neural Nets through Gradient 
Descent

• Gradient descent algorithm:

• Initialize all weights and biases 
– Using the extended notation: the bias is also a weight

• Do:
– For every layer for all update:

• ௜,௝
(௞)

௜,௝
(௞) ௗ௅௢௦௦

ௗ௪
೔,ೕ
(ೖ)

• Until has converged
6

Total training Loss:

Assuming the bias is also
represented as a weight



Training Neural Nets through Gradient 
Descent

• Gradient descent algorithm:

• Initialize all weights and biases 
– Using the extended notation: the bias is also a weight

• Do:
– For every layer for all update:

• ௜,௝
(௞)

௜,௝
(௞) ௗ௅௢௦௦

ௗ௪
೔,ೕ
(ೖ)

• Until has converged
7

Total training Loss:

Assuming the bias is also
represented as a weight



The derivative

• Computing the derivative

8

Total derivative:

Total training Loss:



The derivative

• Computing the derivative

9

Total derivative:

Total training Loss:

• So we must first figure out how to compute the 
derivative of divergences of individual training 
inputs



Calculus Refresher: Basic rules of 
calculus

10

For any differentiable function

with derivative 
ௗ௬

ௗ௫

the following must hold for sufficiently small 



Calculus Refresher: Basic rules of 
calculus

11

For any differentiable function

with derivative 
ௗ௬

ௗ௫

the following must hold for sufficiently small 

Introducing the
“influence” diagram:
x influences y



Calculus Refresher: Basic rules of 
calculus

12

For any differentiable function

with derivative 
ௗ௬

ௗ௫

the following must hold for sufficiently small 

Introducing the
“influence” diagram:
x influences y

The derivative graph:
The edge carries the
derivative.

Node and edge weights
multiply



Calculus Refresher: Basic rules of calculus
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For any differentiable function
ଵ ଶ ெ

with partial derivatives 
డ௬

డ௫భ

డ௬

డ௫మ

డ௬

డ௫ಾ

the following must hold for sufficiently small ଵ ଶ ெ

What is the influence diagram relating ଵ ଶ ெ and ? 



Calculus Refresher: Basic rules of calculus

14

For any differentiable function
ଵ ଶ ெ

with partial derivatives 
డ௬

డ௫భ

డ௬

డ௫మ

డ௬

డ௫ಾ

the following must hold for sufficiently small ଵ ଶ ெ

The derivative diagram?



Calculus Refresher: Basic rules of calculus

15

For any differentiable function
ଵ ଶ ெ

with partial derivatives 
డ௬

డ௫భ

డ௬

డ௫మ

డ௬

డ௫ಾ

the following must hold for sufficiently small ଵ ଶ ெ

15

ଵ

ଶ

ெ



Calculus Refresher: Basic rules of calculus

16

For any differentiable function
ଵ ଶ ெ

with partial derivatives 
డ௬

డ௫భ

డ௬

డ௫మ

డ௬

డ௫ಾ

the following must hold for sufficiently small ଵ ଶ ெ

ଵ

ଶ

ெ



Calculus Refresher: Chain rule

17

For any nested function



Calculus Refresher: Chain rule

18

For any nested function



Distributed Chain Rule: Influence 
Diagram

19

Shorthand: 



Distributed Chain Rule: Influence 
Diagram

• affects through each of 

20

ଵ

ଶ

ெ

ଵ

ଶ

ெ
Derivative rule?



Distributed Chain Rule: Influence 
Diagram

21
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Calculus Refresher: Chain rule 
summary

22

For
where 



Calculus Refresher: Chain rule 
summary

23

For any nested function

For

where 

where 



Our problem for today

• How to compute for a single data 

instance

24



Poll 1 (@387, @388)

1. The chain rule of derivatives can be derived from the basic definition of derivatives,   dy =  derivative 
* dx,  true or false 
 True  (correct) 
 False 

 

2. Which of the following is true of the “influence diagram” 
 It graphically shows all paths (and variables) through which one variable influences the other 

(true) 
 The derivative of the influenced (outcome) variable with respect to the influencer (input) 

variable must be summed over all outgoing paths from the influencer variable (true) 

25



Poll 1

1. The chain rule of derivatives can be derived from the basic definition of derivatives,   dy =  derivative 
* dx,  true or false 
 True  (correct) 
 False 

 

2. Which of the following is true of the “influence diagram” 
 It graphically shows all paths (and variables) through which one variable influences the other 

(true) 
 The derivative of the influenced (outcome) variable with respect to the influencer (input) 

variable must be summed over all outgoing paths from the influencer variable (true) 

26



A first closer look at the network

• Showing a tiny 2-input network for illustration
– Actual network would have many more neurons 

and inputs

27



A first closer look at the network

• Showing a tiny 2-input network for illustration
– Actual network would have many more neurons and inputs

• Explicitly separating the affine function of inputs from the 
activation

28
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A first closer look at the network

• Showing a tiny 2-input network for illustration
– Actual network would have many more neurons and inputs

• Expanded with all weights shown

• Let’s label the other variables too…
29
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+

+

+

+

ଵ,ଵ
(ଵ)

ଶ,ଵ
(ଵ)

଴,ଵ
(ଵ)

ଵ,ଵ
(ଶ)

ଶ,ଵ
(ଶ)

଴,ଵ
(ଶ)

ଵ,ଵ
(ଷ)

ଶ,ଵ
(ଷ)

଴,ଵ
(ଷ)

଴,ଶ
(ଵ)

଴,ଶ
(ଶ)

ଶ,ଶ
(ଵ)

ଵ,ଶ
(ଵ)

ଶ,ଶ
(ଶ)

ଵ,ଶ
(ଶ)



Computing the derivative for a single 
input
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Computing the derivative for a single 
input
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𝒅௪೔,ೕ
(ೖ)



Computing the gradient

• Note: computation of the derivative requires 

intermediate and final output values of the network in 
response to the input 32



The “forward pass”

We will refer to the process of computing the output from an input as
the forward pass

We will illustrate the forward pass in the following slides

fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1
ଶ

y(2)z(2)

ଶ

ଶ

ଶ

1
ଷ

y(3)z(3)

ଷ

ଷ

ଷ

1

ேିଵ

ேିଵ

ேିଵ

1
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The “forward pass”

fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

Assuming  ଴௝
(௞)

௝
(௞) and ଴

(௞) -- assuming the bias is a weight and extending
the output of every layer by a constant 1, to account for the biases

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1
ଶ

y(2)z(2)

ଶ

ଶ

ଶ

1
ଷ

y(3)z(3)

ଷ

ଷ

ଷ

1

ேିଵ

ேିଵ

ேିଵ

Setting  ௜
(଴)

௜ for notational convenience

1
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The “forward pass”

fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)
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1
ଶ
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ேିଵ

1
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The “forward pass”

fN

fN

ேିଵ
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௜
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fN

fN

ேିଵ
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fN

fN

ேିଵ
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ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1
ଶ

y(2)z(2)

ଶ

ଶ

ଶ

1
ଷ

y(3)z(3)

ଷ

ଷ

ଷ

1

ேିଵ

ேିଵ

ேିଵ

௝
(ଵ)

ଵ ௝
(ଵ)

௝
(ଶ)

௜௝
(ଶ)

௜
(ଵ)

௜

௝
(ଶ)

ଶ ௝
(ଶ)

1

௝
(ଵ)

௜௝
(ଵ)

௜
(଴)

௜

39



fN
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fN
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fN

fN
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Forward Computation

ITERATE FOR  k =  1:N for j = 1:layer-width

fN

fN

ேିଵ
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Forward “Pass”
• Input: dimensional vector 
• Set:

– ,  is the width of the 0th (input) layer

– ;       

• For layer 
– For 

• ௝
(௞)

௜,௝
(௞)

௜
(௞ିଵ)஽ೖషభ

௜ୀ଴

• ௝
(௞)

௞ ௝
(௞)

• Output:

–
44

Dk is the size of the kth layer



Computing derivatives

We have computed all these intermediate values in the 
forward computation

We must remember them – we will need them to compute 
the derivatives

fN
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Computing derivatives

First, we compute the divergence between the output of the net y = y(N) and the
desired output 

fN
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Computing derivatives

We then compute ௒(ಿ) the derivative of the divergence w.r.t. the final output of the
network y(N)

fN
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Computing derivatives

We then compute ௒(ಿ) the derivative of the divergence w.r.t. the final output of the
network y(N)

We then compute ௭(ಿ) the derivative of the divergence w.r.t. the pre-activation affine 
combination z(N) using the chain rule
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fN

fN

ேିଵ
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Computing derivatives

Continuing on, we will compute ௐ(ಿ) the derivative of the divergence with respect
to the weights of the connections to the output layer 

ேିଶ

ேିଶ

ேିଶ

ேିଶ
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Computing derivatives

Continuing on, we will compute ௐ(ಿ) the derivative of the divergence with respect
to the weights of the connections to the output layer 

Then continue with the chain rule to compute ௒(ಿషభ) the derivative of the 
divergence w.r.t. the output of the N-1th layer
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Computing derivatives

We continue our way backwards in the order shown
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Backward Gradient Computation

• Let’s actually see the math..
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Computing derivatives

fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1

y(N-2)

z(N-2)

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

ேିଶ

ேିଶ

ேିଶ

ேିଶ

59



Computing derivatives

The derivative w.r.t the actual output of the 
final layer of the network is simply the derivative 
w.r.t to the output of the network
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SECTION

Scalar backpropagation examples
Work through a compact computational graph and read off local derivatives.

Stanford CS231n, Lecture 4, printed slides 59-74.

COMP 322
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e.g. x = -2, y = 5, z = -4

Want: 

Chain rule:

Upstream 
gradient

Local
gradient



Stanford CS231n 10th Anniversary Lecture 4 - April 10, 202574

Backpropagation: a simple example

Chain rule:

e.g. x = -2, y = 5, z = -4

Want: 
Upstream 
gradient

Local
gradient



OPTIONAL SECTION

More backpropagation examples and
code
Optional: a second worked example, gradient-flow patterns, and a flat implementation.

Stanford CS231n, Lecture 4, printed slides 81-111.

COMP 322
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Another example:

[upstream gradient] x [local gradient]
[0.2] x [1] = 0.2
[0.2] x [1] = 0.2  (both inputs!)
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Another example:
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Another example:

[upstream gradient] x [local gradient]
w0: [0.2] x [-1] = -0.2
x0: [0.2] x [2] = 0.4
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Another example:

Sigmoid

Sigmoid 
function

Computational graph 
representation may not be 
unique. Choose one where 
local gradients at each 
node can be easily 
expressed!
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Another example:

Sigmoid

Sigmoid 
function

Sigmoid local 
gradient:

Computational graph 
representation may not be 
unique. Choose one where 
local gradients at each 
node can be easily 
expressed!

[upstream gradient] x [local gradient]
[1.00] x [(1 - 1/(1+e-1)) (1/(1+e-1))] = 0.2
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Another example:

Sigmoid

Sigmoid 
function

Sigmoid local 
gradient:

Computational graph 
representation may not be 
unique. Choose one where 
local gradients at each 
node can be easily 
expressed!

[upstream gradient] x [local gradient]
[1.00] x [(1 - 0.73) (0.73)] = 0.2
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Patterns in gradient flow
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add gate: gradient distributor

Patterns in gradient flow
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mul gate: “swap multiplier”

max gate: gradient router
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copy gate: gradient adder
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Backprop Implementation: 
“Flat” code Forward pass:

Compute output

Backward pass:
Compute grads
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Backprop Implementation: 
“Flat” code Forward pass:

Compute output

Base case
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Backprop Implementation: 
“Flat” code Forward pass:

Compute output

Sigmoid
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Backprop Implementation: 
“Flat” code Forward pass:
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Backprop Implementation: 
“Flat” code Forward pass:

Compute output

Multiply gate
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Backprop Implementation: 
“Flat” code Forward pass:

Compute output

Multiply gate



SECTION

Chain rule, vectors, Jacobians, and the
backprop algorithm
Move from individual neurons to vector and matrix derivatives, then consolidate the
algorithm.

CMU 11-785, Lecture 5, slides 61-90 and 119-153.

COMP 322



Calculus Refresher: Chain rule
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where 
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Computing derivatives
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Calculus Refresher: Chain rule
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We continue our way backwards in the order shown

௜
(ேିଵ) ேିଵ

ᇱ
௜
(ேିଵ)

௜
(ேିଵ)

ேିଶ

ேିଶ

ேିଶ

ேିଶ
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fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1

y(N-2)

z(N-2)

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

We continue our way backwards in the order shown

௜௝
(ேିଵ) ௜

(ேିଶ)

௝
(ேିଵ)

For the bias term ଴
(ேିଶ)

ேିଶ

ேିଶ

ேିଶ

ேିଶ

80



fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1

y(N-2)

z(N-2)

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

We continue our way backwards in the order shown

௜
(ேିଶ) ௜௝

(ேିଵ)

௝ ௝
(ேିଵ)

ேିଶ

ேିଶ

ேିଶ

ேିଶ
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fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1
ேିଶ

y(N-2)

z(N-2)

ேିଶ

ேିଶ

ேିଶ

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

We continue our way backwards in the order shown

௜
(ேିଶ) ேିଶ

ᇱ
௜
(ேିଶ)

௜
(ேିଶ)
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fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1

y(N-2)

z(N-2)

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

We continue our way backwards in the order shown

ேିଶ

ேିଶ

ேିଶ

ேିଶ

ଵ
(ଵ) ௜௝

(ଶ)

௝ ௝
(ଶ)
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fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

y(0)

ଵ

ଵ

ଵ

1

y(N-2)

z(N-2)

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

We continue our way backwards in the order shown

ேିଶ

ேିଶ

ேିଶ

ேିଶ

௜
(ଵ) ଵ

ᇱ
௜
(ଵ)

௜
(ଵ)
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y(0)

1

We continue our way backwards in the order shown

fN

fN

ேିଵ

y(N)z(N)

y(N-1)z(N-1)

ଵ

y(1)z(1)

ଵ

ଵ

ଵ

y(N-2)

z(N-2)

1

ேିଵ

ேିଵ

ேିଵ

1

Div(Y,d)

ேିଶ

ேିଶ

ேିଶ

ேିଶ

௜௝
(ଵ) ௜

(଴)

௝
(ଵ)
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Gradients: Backward Computation

Div(Y,d)

fN

fN

Initialize: Gradient 
w.r.t  network output

y(N)z(N)

y(N-1)z(N-1)y(k)z(k)y(k-1)z(k-1)

௜
(௞) ௜௝

(௞ାଵ)

௝ ௝
(௞ାଵ)

௜௝
(௞ାଵ) ௜

(௞)

௝
(௞ାଵ)

Div(Y,d)

௜
(ே)

௜

Figure assumes, but does not show
the “1” bias nodes

௜
(ே) ௞

ᇱ
௜
(ே)

௜
(ே) 86

௜
(௞) ௞

ᇱ
௜
(௞)

௜
(௞)



Backward Pass
• Output layer :

– For ே

•
డ஽௜௩

డ௬
೔
(ಿ)

డ஽௜௩(௒,ௗ)

డ௬೔
[This is the derivative of the divergence]

•
డ஽௜௩

డ௭
೔
(ಿ)

డ஽௜

డ௬
೔
(ಿ) ே

ᇱ
௜
(ே)

•
డ஽௜௩

డ௪
೔ೕ
(ಿ) ௜

(ேିଵ) డ஽௜௩

డ௭
ೕ
(ಿ)    for ேିଵ

• For layer 
– For ௞

•
డ஽௜௩

డ௬
೔
(ೖ) ௜௝

(௞ାଵ)
௝

డ஽௜௩

డ௭
ೕ
(ೖశభ)

•
డ஽௜௩

డ௭
೔
(ೖ)

డ஽௜௩

డ௬
೔
(ೖ) ௞

ᇱ
௜
(௞)

•
డ஽௜௩

డ௪
೔ೕ
(ೖ) ௜

(௞ିଵ) డ஽௜௩

డ௭
ೕ
(ೖ)    for ௞ିଵ
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Backward Pass
• Output layer :

– For ே

•
డ஽௜௩

డ௬
೔
(ಿ)

డ஽௜௩(௒,ௗ)

డ௬೔

•
డ஽௜௩

డ௭
೔
(ಿ)

డ஽௜௩

డ௬
೔
(ಿ) ே

ᇱ
௜
(ே)

•
డ஽௜௩

డ௪
೔ೕ
(ಿ) ௜

(ேିଵ) డ஽௜௩

డ௭
ೕ
(ಿ)    for ேିଵ

• For layer 
– For ௞

•
డ஽௜௩

డ௬
೔
(ೖ) ௜௝

(௞ାଵ)
௝

డ஽௜௩

డ௭
ೕ
(ೖశభ)

•
డ஽௜௩

డ௭
೔
(ೖ)

డ஽௜

డ௬
೔
(ೖ) ௞

ᇱ
௜
(௞)

•
డ஽௜௩

డ௪
೔ೕ
(ೖ) ௜

(௞ିଵ) డ஽௜௩

డ௭
ೕ
(ೖ)    for ௞ିଵ

88

Called “Backpropagation” because
the derivative of the loss is
propagated “backwards” through
the network

Backward weighted combination 
of next layer

Backward equivalent of activation

Very analogous to the forward pass:



Backward Pass
• Output layer (N) :

– For ே

• ௜
(ே) డ஽௜௩

డ௬೔

• ௜
(ே)

௜
(ே)

ே
ᇱ

௜
(ே)

•
డ஽௜௩

డ௪
ೕ೔
(ಿ) ௝

(ேିଵ)
௜
(ே)for ேିଵ

• For layer 
– For ௞

• ௜
(௞)

௜௝
(௞ାଵ)

௝ ௝
(௞ାଵ)

• ௜
(௞)

௜
(௞)

௞
ᇱ

௜
(௞)

•
డ஽௜௩

డ௪
ೕ೔
(ೖ) ௝

(௞ିଵ)
௜
(௞)for ௞ିଵ

89

Called “Backpropagation” because
the derivative of the loss is
propagated “backwards” through
the network

Backward weighted combination 
of next layer

Backward equivalent of activation

Very analogous to the forward pass:

Using notation డ஽௜௩(௒,ௗ)

డ௬
etc (overdot represents derivative of w.r.t variable)



For comparison: the forward pass 
again

• Input: dimensional vector 
• Set:

– ,  is the width of the 0th (input) layer

– ;       

• For layer 
– For 

• ௝
(௞)

௜,௝
(௞)

௜
(௞ିଵ)ேೖ

௜ୀ଴

• ௝
(௞)

௞ ௝
(௞)

• Output:

–
90



Backward Pass: Recap
• Output layer (N) :

– For ே

•
డ஽௜௩

డ௬
೔
(ಿ)

డ஽௜௩(௒,ௗ)

డ௬೔

•
డ஽௜௩

డ௭
೔
(ಿ)

డ஽௜௩

డ௬
೔
(ಿ)

డ௬೔
(ಿ)

డ௭
೔
(ಿ)

డ஽௜௩

డ௬
ೕ
(ಿ)

డ௬ೕ
(ಿ)

డ௭
೔
(ಿ)௝ (vector activation)

•
డ஽௜௩

డ௪
ೕ೔
(ಿ) ௝

(ேିଵ) డ஽௜௩

డ௭
೔
(ಿ)    for ௞

• For layer 
– For ௞

•
డ஽௜௩

డ௬
೔
(ೖ) ௜௝

(௞ାଵ)
௝

డ஽௜௩

డ௭
ೕ
(ೖశభ)

•
డ஽௜௩

డ௭
೔
(ೖ)

డ஽௜௩

డ௬
೔
(ೖ)

డ௬೔
(ೖ)

డ௭
೔
(ೖ)

డ஽௜௩

డ௬
ೕ
(ೖ)

డ௬ೕ
(ೖ)

డ௭
೔
(ೖ)௝ (vector activation)

•
డ஽௜௩

డ௪
ೕ೔
(ೖ) ௝

(௞ିଵ) డ஽௜௩

డ௭
೔
(ೖ)    for ௞

119

These may be subgradients



Overall Approach
• For each data instance

– Forward pass:  Pass instance forward through the net. Store all 
intermediate outputs of all computation.

– Backward pass: Sweep backward through the net, iteratively compute 
all derivatives w.r.t weights

• Actual loss is the sum of the divergence over all training instances

• Actual gradient is the sum or average of the derivatives computed 
for each training instance

–
120



Training by  BackProp
• Initialize weights for all layers 
• Do:  (Gradient descent iterations)

– Initialize ;  For all ,  initialize ௗ௅௢௦

ௗ௪
೔,ೕ
(ೖ)

– For all (Iterate over training instances)
• Forward pass: Compute 

– Output 𝒀𝒕

– 𝐿𝑜𝑠𝑠 += 𝑫𝒊𝒗(𝒀𝒕, 𝒅𝒕)

• Backward pass: For all :

– Compute  ௗ𝑫𝒊𝒗(𝒀𝒕,𝒅𝒕)

ௗ௪
೔,ೕ
(ೖ)

–
ௗ௅௢௦௦

ௗ௪
೔,ೕ
(ೖ) +=

ௗ𝑫𝒊𝒗(𝒀𝒕,𝒅𝒕)

ௗ௪
೔,ೕ
(ೖ)

– For all update:

௜,௝
(௞)

௜,௝
(௞)

௜,௝
(௞)

• Until has converged 121



Vector formulation

• For layered networks it is generally simpler to 
think of the process in terms of vector 
operations
– Simpler arithmetic
– Fast matrix libraries make operations much faster

• We can restate the entire process in vector 
terms
– This is what is actually used in any real system

122



Vector formulation

• Arrange the inputs to neurons of the kth layer as a vector 
• Arrange the outputs of neurons in the kth layer as a vector 
• Arrange the weights to any layer as a matrix 

– Similarly with biases 123

ଵଵ
(௞)

஽ೖషభ஽ೖ

(௞)

஽ೖషభ,ଵ
(௞)

𝒌

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

𝒌

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

𝒌

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

௞

ଵଵ
(௞) ଶଵ

(௞) ஽ೖషభଵ
(௞)

ଵଶ
(௞)

ଶଶ
(௞)

஽ೖషభଶ
(௞)

ଵ஽ೖ

(௞)
ଶ஽ೖ

(௞)
஽ೖషభ஽ೖ

(௞)

ଵ
(௞ିଵ)

ଶ
(௞ିଵ)

஽ೖషభ

(௞ିଵ)



Vector formulation

• The computation of a single layer is easily expressed in matrix 
notation as  (setting ):

124

௞

ଵଵ
(௞) ଶଵ

(௞) ஽ೖషభଵ
(௞)

ଵଶ
(௞)

ଶଶ
(௞)

஽ೖషభଶ
(௞)

ଵ஽ೖ

(௞)
ଶ஽ೖ

(௞)
஽ೖషభ஽ೖ

(௞)

𝒌

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

𝒌

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

𝒌

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

𝒌 𝒌 𝒌ି𝟏 𝒌 𝒌 ௞ 𝒌

ଵଵ
(௞)

஽ೖషభ஽ೖ

(௞)

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

ଵ
(௞)

ଶ
(௞)

஽ೖ

(௞)

ଵ
(௞ିଵ)

ଶ
(௞ିଵ)

஽ೖషభ,ଵ
(௞)

஽ೖషభ

(௞ିଵ)



The forward pass: Evaluating the 
network

125

𝟎



The forward pass

126

𝟏 𝟏 𝟎 ଵ

𝟏
ଵ ଵ
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ଵ ଵ 1

𝟏 𝟏

The forward pass
ଵ ଵ

ଵ ଵ ଵ ଵ

The Complete computation



The forward pass

128

ଶ 2 ଵ ଶ

𝟏 𝟏 𝟐
ଵ ଵ ଶ ଶ

ଵ ଵ ଵ ଵ

The Complete computation



The forward pass

129

𝟏 𝟐
ଵ ଵ ଶ ଶ

𝟐

ଶ ଶ 2

ଶ ଶ ଶ ଵ ଵ ଵ ଶ

The Complete computation

𝟏



The forward pass

130

𝟏
ଵ ଵ ଶ ଶ

𝟐 ேିଵ

N

ே ே

ே N ேିଵ ே

The Complete computation

𝟐𝟏

ே ே ேିଵ ଶ ଶ ଵ ଵ ଵ ଶ ே



The forward pass

131

𝟏
ଵ ଵ

𝟐 ேିଵ

N

ே ே

ே 𝑁

ே ே ேିଵ ଶ ଶ ଵ ଵ ଵ ଶ ே

The Complete computation

𝟐𝟏



Forward pass

Div(Y,d)

Forward pass:

For k = 1 to N:

Initialize

Output
132



The Forward Pass
• Set 

• Iterate through layers:
– For layer k = 1 to N:

• Output:

133



The Backward Pass
• Have completed the forward pass
• Before presenting the backward pass, some 

more calculus…
– Vector calculus this time

134



Vector Calculus Notes 1: Definitions
• A derivative is a multiplicative factor that multiplies a 

perturbation in the input to compute the corresponding 
perturbation of the output

• For a scalar function of a vector argument

• If is an vector, is a vector
– The shape of the derivative is the transpose of the shape of 

• is called the gradient of w.r.t 

135
(influence diagram)



Vector Calculus Notes 1: Definitions
• For a vector function of a vector argument

• If is an vector, and is an is an 
matrix
– Or the dimensions won’t match

• is called the Jacobian of w.r.t 

136



Calculus Notes: The Jacobian

137

Using vector notation

Check:  

• The derivative of a vector function w.r.t. vector input is called 
a Jacobian

• It is the matrix of partial derivatives given below



• For scalar activations (shorthand notation):
– Jacobian is a diagonal matrix
– Diagonal entries are individual derivatives of outputs w.r.t inputs

138

z y

Jacobians can describe the derivatives 
of neural activations w.r.t their input



For Vector activations

• Jacobian is a full matrix
– Entries are partial derivatives of individual outputs 

w.r.t individual inputs
139

z y



Special case: Affine functions

• Matrix and bias operating on vector to 
produce vector 

• The Jacobian of w.r.t is simply the matrix 
140



Vector Calculus Notes 2: Chain rule
• For nested functions we have the following 

chain rule

141Note the order: The derivative of the outer function comes first

This holds regardless of whether is scalar or vector



Vector Calculus Notes 2: Chain rule
• For nested functions we have the following 

chain rule

142

Check

Note the order: The derivative of the outer function comes first



Vector Calculus Notes 2: Chain rule
• Chain rule for Jacobians:
• For vector functions of vector inputs:

143

Check

Note the order: The derivative of the outer function comes first



Vector Calculus Notes 2: Chain rule
• Combining Jacobians and Gradients
• For scalar functions of vector inputs ( is vector):

Check

Note the order: The derivative of the outer function comes first



Extended Chain rule

145

భ భ మ మ

How do we compute the derivative of D w.r.t. x, z1, y1, z2 and y2,  from the
local derivatives shown on the edges?



Extended Chain rule

146

భ భ మ మ



Extended Chain rule

147

మ మ మ

Note the order: The derivative of the outer function comes first

భ భ మ మ



Extended Chain rule

148

మ మ మ

Note the order: The derivative of the outer function comes first

భ మ భ

భ భ మ మ

భ మ



Extended Chain rule

149Note the order: The derivative of the outer function comes first

భ మ భ

భ భ భ

భ భ మ

భభ

మ మ మ

మ



Extended Chain rule

150Note the order: The derivative of the outer function comes first

భ

భ భ మ

భ భ భ

భ

భ మ భ

మ మ మ

మ



Extended Chain rule

151Note the order: The derivative of the outer function comes first

భ

భ భ మ మ

మ మ మ

భ మ భ

భ భ భ



Vector Calculus Notes 2: Chain rule
• For nested functions we have the following 

chain rule

152
Note the order: The derivative of the outer function comes first



Vector Calculus Notes 2: Chain rule
• For nested functions we have the following 

chain rule

153
Note the order: The derivative of the outer function comes first



SECTION

Mini-batches
Connect the full-data gradient to the minibatch estimate used in practice.

MIT 6.S191, Lecture 1, slides 83-91.

COMP 322
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