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01 | START WITH IMAGES

Image classification, nearest neighbors,
and data splits

From the image-classification task through pixel-distance failure and the KNN summary.

Stanford CS231n, Lecture 2, printed slides 6-50. The exported PDF omits printed slide numbers 32 and 49.
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Image Classification

A Core Task in Computer Vision

Today:
e Theimage classification task
e Two basic data-driven approaches to image classification
o K-nearest neighbor and linear classifier
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Image Classification: A core task in Computer Vision

(assume given a set of possible labels)
{dog, cat, truck, plane, ...}
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The Problem: Semantic Gap
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What the computer sees

Animage is a tensor of integers
between [0, 255]:

e Ry 0 e.g. 800 x600 x 3
(3 channels RGB)
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Challenges: Viewpoint variation

All pixels change when
the camera moves!

This image by Nikita is
licensed under CC-BY 2.
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Challenges: Illumination

This image is CC0 1.0 Thisimage is CC0 1.0
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Challenges: Background Clutter

Thisim is.CCO 1.0 public domain This im: is.CC0 1.0 public domain
Ihisimage JIhis image
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Challenges: Occlusion

This image byjonsson is licensed

This image is CC0 1.0 public domain This image is CC0 1.0 public domain under CCBY2.0
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Challenges: Deformation

Thisimage by Umberto Salvagnin is This image by Umberto Salvagnin is This image by sare bear is Thisimage byTom Thai s licensed
licensed under CC-BY 2.0 licensed under CC-BY 2.0 licensed under CC-BY 2.0 under CC-BY2.0
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Challenges: Intraclass variation

This image is.CC0 1.0 public domain
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Challenges: Context

Image source: https://www.linkedin.com/posts/ralph-aboujaoude-diaz-40838313_technology-artificialintelligence-computervision-activity-
6912446088364875776-h-Iq?utm_source=linkedin_share&utm_medium=member_desktop_web
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Modern computer vision algorithms
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This image is.CC0 1.0 public domain
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An image classifier

def classify_image(image):
# Some magic here?
return class_label

Unlike e.g. sorting a list of numbers,

no obvious way to hard-code the algorithm for
recognizing a cat, or other classes.
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Attempts have been made

Find corners
-\ N D
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Machine Learning: Data-Driven Approach

1. Collect a dataset of images and labels
2. Use Machine Learning algorithms to train a classifier
3. Evaluate the classifier on new images

Example training set

def train(images, labels): airplane
# Machine learning!
return model automoblle.
bird
def predict(model, test_images): cat

# Use model to predict labels

return test_labels deer
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Nearest Neighbor Classifier
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First classifier: Nearest Neighbor

def train(images, labels): Memorize all data
# Machine learning! > d label
return model and labeis

def predict(model, test_images): Predict the label of

# Use model to predict labels
return test labels

A 4

the most similar
training image
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First classifier: Nearest Neighbor

deer bird plane cat car

&
[~

Training data with labels

query data

Distance Metric

| - R
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Distance Metric to compare images

L1 distance: di(I, L) =Y |If -
P

test image training image pixel-wise absolute value differences
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import numpy as np

Nearest Neighbor classifier

class NearestNeighbor:
def _ init_ ( ):
pass

def train( A B
tum X is N x D where each row is an example. Y is l-dimension of size N ""

fXtr = X
ytr=y

def predict( 2,9
*#" X is N x D where each row is an example we wish to predict label for """

num test = X.shape[©]

Ypred = np.zeros(num test, dtype = .ytr.dtype)
for i in xrange(num test):

distances = np.sum(np.abs( Xtr - X[i,:]), axis = 1)
min_index = np.argmin(distances) { ‘
Ypred[i] = self.ytr[min_index] #

return Ypred
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import numpy as np . . pe
Nearest Neighbor classifier
class NearestNeighbor:
def _ init_ ( ):

pass
def train( Xy . . .
""" X is N x D where each row is an example. Y is 1-dimension of size N """ Memonze tralnlng data
f.Xtr = X
ytr=y
def predict( , X):

""" X is N x D where each row is an example we wish to predict label for """
num test = X.shape[€]

Ypred = np.zeros(num test, dtype = f.ytr.dtype)
for i in xrange(num test):

distances = np.sum(np.abs( Xtr - X[i,:]), axis = 1)
min index = np.argmin(distances) ¢ ‘
Ypred[i] = self.ytr[min_index] #

return Ypred
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import numpy as np

Nearest Neighbor classifier

class NearestNeighbor:
def _ init_ ( ):
pass

def train( A B
"um X is N x D where each row is an example. Y is l-dimension of size N ""

f.Xtr = X
ytr=y
def predict( 2,9
“w® X is N x D where each row is an example we wish to predict label for """

num test = X.shape[©]

Ypred = np.zeros(num test, dtype = .ytr.dtype)

for i in xrange(num test): For eaCh test image:
i . . Find closest train image
distances = np.sum(np.abs( Xtr - X[1i,:]), axis = 1) . .
St e b S ) Predict label of nearest image
Ypred[i] = self.ytr[min_index] # t F rest e

return Ypred
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import numpy as np . . pe
Nearest Neighbor classifier
class NearestNeighbor:
def _ init_ ( ):

B . Q: With N examples, how
defﬂf":“l‘i N x'DX\;hz:; each row is an example. Y is l-dimension of size N """ faSt aretraining and
i s ‘ prediction?
ytr=y
def predict(scli, X): ) Ans: Train O(l),
num_:e;i 2 ;‘zh:;:[gleach row is an example we wish to predict label for F)rff(ji(:t ()(Pq)
Ypred = nb.zeros(num*test, dtypé = .Qtr.dtype) 2

. o This is bad: we want

for i in xrange(num_test): classifiers that are fast at
| ' ol | prediction; slow for
training is ok

distances = np.sum(np.abs( Xtr - X[1,:]), axis = 1)
min_index = np.argmin(distances) '

Ypred[i] = f.ytrimin_index] #

return Ypred
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import numpy as np

Nearest Neighbor classifier

class NearestNeighbor:
def __init_ ( ):
pass

Many methods exist for fast /
approximate nearest

neighbor (beyond the scope

def train( A B
tum X is N x D where each row is an example. Y is l-dimension of size N "

Xtr = X

ytr =y of 231N!)
def predict( 2,9
“w® X is N x D where each row is an example we wish to predict label for """ . . .
nun_test = X.shape[6] A good implementation:
k ‘ ' - https://github.com/facebookresearch/faiss
Ypred = np.zeros(num test, dtype = .ytr.dtype)

for i in xrange(num test):

distances = np.sum(np.abs( Xtr - X[1,:]), axis = 1)
min_index = np.argmin(distances) '

Ypred[i] = f.ytrimin_index] #
Johnson et al, “Billion-scale similarity search with

return Ypred GPUs”, arXiv2017
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What does this look like?
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1-nearest neighbor
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K-Nearest Neighbors

Instead of copying label from nearest neighbor,
take majority vote from K closest points
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K-Nearest Neighbors: Distance Metric

L1 (Manhattan) distance L2 (Euclidean) distance

dy(I1,15) = Z 14| do(I1, I2) = \/Z (7 -12)°
T P

dh
SPARINSY
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K-Nearest Neighbors: Distance Metric - Example

L1 Distance: Measures distance by moving along L2 Distance: Measures the straight-line
grid lines (like walking in a city with square blocks). distance (as the crow flies).
i p P ds(I1, I5) I — IP
di(I, L) =Y |IP - IZ| o(1, 1) \/Z(

B(112, 1/2)

A(L, 0)

O
w A(1, 0) 0(0,0)

¢OA) =04+ {001 =1 0,(0,A) = sqri((0-1)2 + (0-0)?) = sqrt(1?) = 1
d,(O,B) =|0-0.5/ +|0-0.5|=05+0.5=1 d,(0,B) = sqrt((0-1/~2)? + (0-1/72)?) = sqrt(1/2+1/2) = sqrt(1) = 1
d,(0,A) =d,(0B) =1 d,(0,A) = d,(0,A) =1
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K-Nearest Neighbors: Distance Metric

L1 (Manhattan) distance L2 (Euclidean) distance
dy(L,B)= Y|P - B do(l, ) = va (@ -n)
P F
K=1 K=1
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K-Nearest Neighbors: try it yourself!

e® o
L)

http://vision.stanfor hin 231n-demos/knn
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Hyperparameters

Whatis the best value of k to use?
What is the best distance to use?

These are hyperparameters: choices about the
algorithms themselves.

Very problem/dataset-dependent.
Must try them all out and see what works best.
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Setting Hyperparameters

|dea #1: Choose hyperparameters that
work best on the training data

train
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Setting Hyperparameters

|dea #1: Choose hyperparameters that BAD: K=1 always works
work best on the training data perfectly on training data

train
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Setting Hyperparameters

|dea #1: Choose hyperparameters that
work best on the training data

BAD: K =1 always works
perfectly on training data

train

|ldea #2: choose hyperparameters
that work best on test data

train

test

Stanford CS231n 10t Anniversary
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Setting Hyperparameters

|dea #1: Choose hyperparameters that BAD: K=1 always works
work best on the training data perfectly on training data
train
|ldea #2: choose hyperparameters BAD: No idea how algorithm
that work best on test data will perform on new data
train test

Never do this!
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Setting Hyperparameters

|dea #1: Choose hyperparameters that BAD: K=1 always works
work best on the training data perfectly on training data
train
|ldea #2: choose hyperparameters BAD: No idea how algorithm
that work best on test data will perform on new data
train test
|dea #3: Split data into train, val; choose Better!

hyperparameters on val and evaluate on test

train validation test
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Example Dataset: CIFAR10

10 classes
50,000 training images
10,000 testing images
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Alex Krizhevsky, “Learning Multiple Layers of Features from Tiny Images”, Technical Report, 2009.

Stanford CS231n 10t Anniversary Lecture2- 43 April 3, 2025



Example Dataset: CIFAR10

10 classes
50,000 training images
10,000 testing images Test images and nearest neighbors
el | A-YANESNEEEZED
EREE | B-AOERERNESE
1TEETHLE | SE-AREEEEREER
NFNERTL | £1r>Aoddrs@ixa
AESREE | &-00EHENEENES
EAFEERAR | P-aPEPSLsaNN
AQCEIEISE | - - -
AR | R - G R
HERecs | @-DEDODEREED
ENr=ls | J-ANRNENERRE
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What does this look like?

A~ HANEE SR
H->FOENEANE R
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What does this look like?
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k-Nearest Neighbor with pixel distance never used.

- Distance metrics on pixels are not informative

ougnaimsceco Original Occluded Shifted (1 pixel) Tinted

n
public d

(All three images on the right have the same pixel distances to the one on the left)
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K-Nearest Neighbors: Summary

In image classification we start with a training set of images and labels, and must
predict labels on the test set

The K-Nearest Neighbors classifier predicts labels based on the K nearest training
examples

Distance metric and K are hyperparameters
Choose hyperparameters using the validation set

Only run on the test set once at the very end!
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OPTIONAL SECTION

Cross-validation

Optional: the fold-based validation idea and a small-data example.

Stanford CS231n, Lecture 2, printed slides 42 and 45.

COMP 322



Setting Hyperparameters

train

|dea #4: Cross-Validation: Split data into folds, try
each fold as validation and average the results

fold 1 fold 2 fold 3 fold 4 fold 5
fold 1 fold 2 fold 3 fold 4 fold 5
fold 1 fold 2 fold 3 fold 4 fold 5 test
fold 1 fold 2 fold 3 fold 4 fold 5
fold 1 fold 2 fold 3 fold 4 fold 5

Useful for small datasets, but not used too frequently in deep learning

Stanford CS231n 10t Anniversary Lecture2- 42 April 3, 2025



Setting Hyperparameters xample of

. Cross-validation on k 5-fold cross-validation

for the value of k.
s Each point: single
- . 4 : . outcome.
(VN
P '““‘\L The line goes
e i through the mean, bars
o r ' . ‘\ indicated standard
. ' deviation
- (Seems that k ~=7 works best

=30 0 20 40 &0 -] 100 120

* for this data)

Stanford CS231n 10t Anniversary Lecture2- 45 April 3, 2025



SECTION

A short perceptron history bridge

Original threshold unit, early MLP framing, and the classic perceptron update.

CMU 11-785, Lecture 3, slides 7, 34, and 43-45.

COMP 322



The original perceptron

Inputs  Weights

Threshold T

* Simple threshold unit
— Unit comprises a set of weights and a threshold



History: The original MLP

* The original MLP as proposed by Rosenblatt: a
network of threshold units

— But how do you train it?

e Given only “training” instances of input-output pairs

34



The online perceptron solution

* The popular solution, originally proposed by
Rosenblatt is an online algorithm

— The famous “perceptron” algorithm

 |nitializes W and incrementally updates it each
time we encounter an instance that is incorrectly
classified

— Guaranteed to find the correct solution for linearly
separable data



Perceptron Algorithm: Summary

* Cycle through the training instances
* Only update W on misclassified instances

e |f instance misclassified:

— If instance is positive class (positive misclassified as

negative)
W=w+X;
— If instance is negative class (negative misclassified
as positive)

W=Ww-X;

44



Perceptron Learning Algorithm

Given N training instances (X1, y1), (X5, V2), .., Xy, Yn)

—y;=+1lor-1
\ Using a +1/-1 representation
Initialize W for classes to simplify
Cycle through the training instances: notation
do
— Fori = 1..N

2V train
0(X;) = sign(W'X;)
e |f O(Xl) *Y;
W =W +yX;

until no more classification errors

45



SECTION

Linear classifiers

Turn image pixels into class scores with a parameterized linear model.

Stanford CS231n, Lecture 2, printed slides 51-84. The SVM-loss section begins after this range.

COMP 322



Linear Classifier
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Parametric Approach

X 10 numbers giving
~ f(x,W) '
class scores
Array of 32x32x3 numbers I
(3072 numbers total) W
parameters
or weights
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Parametric Approach: Linear Classifier

f(x,W) = Wx

Image

A

- F(x,W) .10 numbers giving

I class scores
Array of 32x32x3 numbers
(3072 numbers total) W

parameters
or weights
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Parametric Approach: Linear Classifier
3072x1
f(x,W) [=|WIX

10x1 10x3072
10 numbers givin
- f(x,W) . u gIving

I class scores
Array of 32x32x3 numbers
(3072 numbers total) W

parameters
or weights
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Parametric Approach: Linear Classifier
3072x1
f(x,W) [=|WKR Hb|10x
10x1  10x3072 ) ) o
- £(x,W) .10 numbers giving

I class scores
Array of 32x32x3 numbers
(3072 numbers total) W

Image

- Y
- i

parameters
or weights
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Neural Network

Linear
classifiers

This image is CC0 1.0 public domain
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3 s5as \dense]

hse'|  jdensd

Max 128 Max pnc-lir\fﬁ: 1048 )
poaling pooling

[Krizhevsky et al. 2012] Linear layers

; S [dk : : 2 ] ]
£ —hirz ML F i R R R )
i e g : HEEEE b
% | ] | wiNRARNRERE
5 AN E AR eaeE e AR
i ;I__:_I:._:;sz_l,‘_éaas;55;|§;|zﬁzﬁzlﬁﬁzzgléaaleaaiﬁ
1i‘—hspE‘-l-E#Ehgméhiﬁiﬁgbsﬁftﬁtg-r{tE-i-i Ei—{#g#;*: E-—Eh!&i*itstghghsﬁE-l-ls-i-!'-i-{ur-;
2 3 -3-;.1351;]Iizjgi,‘aizijiiiijziilﬂii
[He et al. 2015]
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Recall CIFAR10

airplane i =1

automobile g ! | ’—ﬁ

bird Ak = e

cat -‘u gﬂ 50,000 training images
deer m‘g—gag ﬁ= each image is 32x32x3
dog HRE ' "Im 10,000 test images.
frog ,,.IC . ﬁl

horse b ;

ship

truck
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Example with an image with 4 pixels, and 3 classes (cat/dog/ship)

Flatten tensorsinto a vector

Inputimage

56

231

24
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Example with animage with 4 pixels, and 3 classes (cat/dog/ship)
Algebraic Viewpoint

Flatten tensorsinto a vector

Inputimage

56

231

1.1

0.2 | -05 | 0.1 2.0
1.5 1.3 2.1 0.0
0 0.25 | 0.2 | -0.3

24

3.2

-1.2

-96.8

437.9

61.95

Cat score

Dog score

Ship score
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Interpreting a Linear Classifier

airplane [ 5 ”?.:z‘.ﬁ'i.
automobnle‘,ﬂ!ﬂﬁ@ﬁ .

Input image

bird AR EETHKE

cat T et R R B

deer .F“E.!.- 02 | 0.5 15 | 1.3 0 | 25
dog iﬂ*'!ﬁnhlw w 0.1 | 20 21 | 00 02 | 03
frg EIESa®”RESE ' . ;
rorse a3 B 4 P P A P T N R 5
ship a . E £ 2 = . i - n E Score -sz.e 4::7.9 61?95

ruck @ ek W o a8 @ iy
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Interpreting a Linear Classifier: Visual Viewpoint
airplane | 5 h?lﬂ:'iil

Input image

automobile . , = - = ﬁ . E

bird q ‘ .

cat Avia

deer .3“ 02 | -05 15 | 13 0 | .25
dog Eﬂk W 01 | 20 21 | 00 02 | 03
frog DS 3| P ; ; ;
horse o H.EE..!.E > I = <
ship Score | -968 437.9 61.95
truck

horse
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Interpreting a Linear Classifier: Geometric Viewpoint

- ‘ f(x,W) = Wx + b

"F‘S' \ car classifier
airplane classifier/ &%
2 e
e

Array of 32x32x3 numbers
(3072 numbers total)

= PPt
. -
e <>

\-* deer classifier

Catimage byNikita is licensed under CC-BY 2.0
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Hard cases for a linear classifier

Class 1:
First and third quadrants

Class 2:
Second and fourth quadrants

Class 1:
l1<=L2norm<=2

Class 2:
Everything else

Class 1:
Three modes

Class 2:
Everything else
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Linear Classifier - Choose a good W

3.42

4.64
2.65
5:1

2.64
9959
-4.34
i B
-4.79
6.14

airplane -3.45 -0.51
automobile -8.87 6.04
bird 0.09 5:3%
cat 2.9 -4.,22
deer 4.48 G
dog 8.02 3.58
frog 3.78 4.49
horse 1.06 -4.37
ship -0.36 -2.09
truck -0.72 -2.93
Catimage by Nikita is licensed under CG-BY2,0; Carimage is CC0 1,0 public domain; Erog image s in the public domain

Define a loss function that quantifies
our unhappiness with the scores
across the training data.

Come up with a way of efficiently
finding the parameters that minimize
the loss function. (optimization)
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Suppose: 3 training examples, 3 classes.
With some W the scores  f(z, W) =Wz

cat 3.2 1.3 2.2
car 5.1 4.9 2.5
frog -1.7 2.0 -3.1
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Suppose: 3 training examples, 3 classes.
With some W the scores  f(z, W) =Wz

cat 3.2 1.3 2.2
car 5.1 4.9 2.5
frog -1.7 2.0 -3.1

A loss function tells how good
our current classifier is

Stanford CS231n 10t Anniversary Lecture 2 -67

April 3,2025



Suppose: 3 training examples, 3 classes.

: A loss function tells how good
With some W the scores  f(z, W) = Wz our current classifier is

Given a dataset of examples
N
{(:Ei? y%) 1=1

Where&;isimage and

cat 3.2 1.3 2.2 Yi is (integer) label
car 5.1 4.9 2.5
frog -1.7 2.0 -3.1
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Suppose: 3 training examples, 3 classes.

A loss function tells how good
With some W the scores  f(z, W) = Wz 5

our current classifier is
Given a dataset of examples

{(xi? y%) ;’Til

Where&;isimage and

cat 3.2 1.3 2.2 Yi is (integer) label

car 5.1 49 2.5 Loss over the dataset is a average

of loss over examples:
frog -1.7 2.0 -3.1 1
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Softmax classifier
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

cat 3.2
car 5.1
frog -1.7
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

cat 3.2
car 5.1
frog -1.7
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

Probabilities
must be>=0

cat 3.2 24.5

exp

car 51 —164.0
frog -1.7 0.18

unnormalized
probabilities
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

Probabilities Probabilities
must be >=0 must sumto 1
cat 3.2 24.5 0.13
exp normalize
car 51 —164.0 |——| 0.87
unnormalized probabilities
probabilities
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

N 15

Probabilities Probabilities
must be >=0 must sumto 1
cat 3.2 24.5 0.13
exp normalize
car 5.1 —164.0 |——| 0.87
Unnormalized log- unnormalized probabilities
probabilities / logits probabilities
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

Probabilities Probabilities
must be >=0 must sum to 1 Li = —log P(Y = 5| X = i)
cat 3.2 24.5 0.13 | - Li=-log(0.13)
€xp normalize =2.04
car 5.1 —164.0 |——| 0.87
Unnormalized log- unnormalized probabilities
probabilities / logits probabilities
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

N 15

Probabilities Probabilities
must be >=0 must sumto 1 Li = —log P(Y = | X = ;)
cat 3.2 24.5 0.13 | — Li=-log(0.13)
exp normalize =2.04

car 51 —164.0 |——| 0.87
fop | L7 0.18 0.00 | Lmmseinecs mtor

likelihood of the observed data
Unnormalized log_ unnormalized probabi“ties (See CS 229 for details)
probabilities / logits probabilities
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s=f(zss W)  |P(Y =KX =2i) = 5| Softmax

N 15

Function
Probabilities Probabilities
must be >=0 must sumto 1 Li = —log P(Y = | X = ;)
cat 3.2 24.5 0.13 [ compare <=1 1.00
exp normalize
car 5.1 —164.0 |——| 0.87 0.00
frog -1.7 0.18 0.00 0.00
Unnormalized log- unnormalized probabilities Correct
probabilities / logits probabilities probs
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

I — f(:l',‘%;W) P(Y k|X— mg) = Z ei

Softmax
Function

Probabilities Probabilities - .
must be >=0 must sumto 1 Iy =~ P =& =)
cat 3.2 24.5 0.13 [ compare =1 1.00
exp normalize Kullback-Leibler
car 5.]. 164.0 0.87 divergence 0.00
Dgr(P|Q) =
frog -1.7 0.18 0.00 | 0.00
: : P(y) log 0
Unnormalized log- unnormalized probabilities v ) Correct
probabilities / logits probabilities probs
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s=f(zss W)  |P(Y =KX =2i) = 5| Softmax

N 15

Function
Probabilities Probabilities
must be >=0 must sumto 1 Li = —log P(Y = | X = ;)
cat 3.2 24.5 0.13 [ compare <=1 1.00
exp normalize
car 5.1 —1164.0 |——| 0.87 | crossEntropy 0.00
H(P, ) =
frog | -L.T 0.18 0.00 |, 752 oy 0.00
Unnormalized log- unnormalized probabilities Correct
probabilities / logits probabilities probs
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z;; € Function

N 15

Maximize probability of correct class Putting it all together:

;i — i Ll i
cat 3.2 SETHEREREES EE;.- 7)
car 5.1
frog -1.7
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z_»,' € Function

Maximize probability of correct class Putting it all together:
LT: — _IDg P(Y — y’:‘,‘X — :I:'I) L' e 10g Esyz' ‘
cat 3.2 1 ( > €’ )
1: What is the min/max possible softmax loss L.?
car 5.1 Q /maxp
fro 1.7 Q2: Atinitialization all s; will be approximately equal;
5 what is the softmax loss L;, assuming C classes?
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Softmax Classifier (Multinomial Logistic Regression)

Want to interpret raw classifier scores as probabilities

s = f(zi; W) |P(Y =k|X =) = 55| Softmax

Sj .
Z_»,' € Function

Maximize probability of correct class Putting it all together:
LT: —_ — IDg P(Y — y’:‘,‘X — :I:'I) L-i e 10g( ESFEISJ )
cat 3.2 > €’

51 Q2: At initialization all s will be
' approximately equal; what is the loss?

frog -1.7 A: -log(1/C) = log(C),
If C=10,thenL;=log(10) > 2.3

car
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Coming up: fx,W) =Wx+b

- Regularization
- Optimization

Stanford CS231n 10t Anniversary Lecture2- 84 April 3, 2025



SECTION

Neurons, activations, and stacking
layers

The unit, nonlinear activation, and why composing layers expands what the model can
express.

MIT 6.5191, Lecture 1, slides 21-43.

COMP 322



The Perceptron: Forward Propagation

Linear combination
Output of inputs

N~ | ™
y=4g ( Z Xi Wi )
W i=1
W Non-linear
activation function
X

Inputs  Weights Sum  Non-Linearity Output

&
M
>
<

II ll N Massachuseils MIT Introduction to Deep Leaming
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The Perceptron: Forward Propagation

Linear combination
1 Output of inputs

: [ |

xiw\. ?=9(WU+Z:‘£W1')
. i=1
X5 Non-linear

activation function

Inputs  Weights Sum  Non-Linearity Output

II ll N Massachuseils MIT Introduction to Deep Leaming

ll ;2::;::1:; & introtodeeplearningcom W @MITDeeplearming 1/5726



The Perceptron: Forward Propagation

§=g(wo+XTW )

Wi
and W = [ : ]

Wm

X1
where: X = [ :

Xm

Inputs  Weights Sum  Non-Linearity Output

I I li I- :Hassachuseus MIT Introduction to Deep Leaming
T

2::",:,':,“ & introtodeeplearningcom W @MITDeeplearming V326



The Perceptron: Forward Propagation

Activation Functions

y=g(wo+XTW )
X Wi
' w\. z — f j? * Example: sigmoid function
g 1

X2 zl=o0(z) =
1 .
xm r/"/
af(f
0.5
. ' . '/
Inputs  Weights Sum  Non-Linearity Output /
>
| — | o | 1 |
-5 ~4 -2 0 2 3 5 Z
A Madticiuaens MIT Introduction to Deep Learning
I I l I I ':2::.::?:,:; & introtodeeplearningcom W @MITDeeplearming /526



Common Activation

Sigmoid Function

1 ==
aiz)
0.8 a'(z)
0.6
0.4
0.2
D = = N —
-5 0 5
g(z)=——"—
1+e2%

g9'(z)= g(z)1-g(2)

’]F tf math.sigmoid (z)

( y torch sigmoid(z)

TensorFlow code blocks

Hyperbolic Tangent

; aiz)
0.5 —1

i
u

ef—e”

il R

Zz

g(z)=
g9'(z)=1-yg(2)*

"]F tf math.tanh(z)

torch.tanh(z)

NOTE; All activation functions are non-linear

5 0 5

Functions

Rectified Linear Unit (ReLU)

‘ oiz) | :
g@| |

=

g(z)=max (0, z)

Heg) = , z>0
g (z) = 0, otherwise

1F tf.nn.relu(z)

torch.nn.RelU(z)

PyTorch code blocks (:)

s Massachuseils
I I Institute of
Technology

& introtodeeplearning.com

MIT Introduction to Deep Learning

W @MiTDeeplearmning
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Importance of Activation Functions

The purpose of activation functions is to introduce non-linearities into the network

L T

oa L L] By ' [ ] -

W ':.‘J"o‘ o & ?.‘ “. % ‘n.{.:{
m.ﬂoe% % wdg % e s S g

naf

&8 o #Pg o
' O g L) ]
NS s § o2
07 ‘::... fg!pe %3 sﬁ%ooﬂa »
&0 3% 0 3 o:o?o °e3& %cf’ .
Lo "'g“@#.g&es%o e %g = -

nEf :.".1.' R

® A »
. ::,‘.""'!1‘ na?i,?“’ { ‘27%s W% R,
5 & l.- 9%@ m ...
....o o@e ..'o:. 3@‘9: a éaﬂ '3 @
DS AR . o b A il T 4

What if we wanted to build a neural network to
distinguish green vs red points?

| = Massachusetls MIT Introduction to Deep Learning
Il' l I ;:::::‘I';:; & introtodeeplearningcom W @MITDeeplearming M



Importance of Activation Functions

The purpose of activation functions is to introduce non-linearities into the network

Linear activation functions produce linear
decisions no matter the network size

| = Massachusetls MIT Introduction to Deep Learning
III I I ;:::::‘I';:; & introtodeeplearningcom W @MITDeeplearming M



Importance of Activation Functions

The purpose of activation functions is to introduce non-linearities into the network

nap

EF

[TE:3 3

Linear activation functions produce linear Non-linearities allow us to approximate
decisions no matter the network size arbitrarily complex functions
' mmm  Massachusells MIT Introduction to Deep Learning
IIIII :-:::,l,:::,;; & introtodeeplearningcom W @MITDeeplearming V326



The Perceptron: Example

We have: wyg =1 and W = [_32]

1 1
J=g(we+X"W)
2 > - X117 13
2 =g(1+[xz] [—2])
y=g(1+3x;—2x3)
AN J
Y

™M
l
=

X2
This is just a line in 2D!
m . Massachuseils MIT Introduction to Deep Leaming
Ill l I ;2:::::‘:,:; & introtodeeplearningcom W @MITDeeplearming V326



The Perceptron: Example

AX2 ® |
1 1 i /;a
I
3 » /
/ 5

-2 R ¥%
/ / N X1
< I I I I I I >

™M
l
=

| Illil- Massachusells MIT Introduction to Deep Learning

Institute of

Technology & introtodeeplearningcom W @MITDeeplearming V326



The Perceptron: Example

AX2 e

: \ 1 | / ';a
B - il "H"W

/ &

-2 L ¥
/ / My X1
< I I I I I I >

Assume we have input: X = [_21] 4

(1+ @B*-1)— (2%2) / -
(—6) =~ 0.002

™M
l
=

j}:

Q

| I I l 4l e g MIT Introduction to Deep Learning iR
I I r::m.: l:..g, & introtodeeplearningcom W @MITDeeplearming



d 1 z<0 i / e?q
y < 0.5 A 4 ,.\’#“"
3 .

The Perceptron: Example

AX 2 +

/

™M
l
=

_/ n;!"ky

) P
N X
/ | | | / I | ! >

A

z>0
Y 4 y > 05

MIT Introduction to Deep Learning /56
& introtodeeplearningcom W @MITDeeplearming



Building Neural Networks with Perceptrons



The Perceptron: Simplified

y=g(wo+XTW )

Inputs  Weights Sum  Non-Linearity Output

MIT Introduction to Deep Learning
& introtodeeplearningcom W @MITDeeplearming
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The Perceptron: Simplified

y=g9(2) :

Z =W +Z
jl

I l l u - : slsa:hu:a-us ing
Lt .
| Qe @ introtodeeplearning.com v @MTDeepLearning

MIT In'lrod ction to Deep ik



Multi Output Perceptron

Because all inputs are densely connected to all outputs, these layers are called Dense layers

X1
=g(z1)
Z1 »

)
Y2 =9(z;)
Z9 »

Xm

]1

I I | = mm  Massachuseils MIT Introduction to Deep Learning

Institute of
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Dense layer from scratch 2

y

-

class MyDenselayer (nn.Module) :
def init (self, input dim, output dim):
super (MyDenseLayer, self). init ()

| self W nn.Parameter(torch,randn(input_dim,
output dim, requires grad=True)

| self b nn.Parameter (torch.randn (1, output_dim,
requires grad=True)

def forward(self, inputs):
A torch.matmul (inputs, self W) + self b

output torch.sigmoid (z)

return output

MIT Introduction to Deep Learning

introtodeeplearning.com W @MITDeeplearning W36



Multi Output Perceptron

Because all inputs are densely connected to all outputs, these layers are called Dense layers

y1=9(z)

Y2 =9(z)

torch.nn nn

¢1F tensorflow tf

layer tf keras layers Dense(

layer nn.Linear (in features=m,

units-2)

out features-2)

j= 1

I I Il N Massachuseils MIT Introduction to Dee Learnlng

Institute of

Technology & introtodeeplearningcom W @Ml'l’Decheammg

115726



Single Layer Neural Network

e Cow®
z
. Z:L gl
X1
g(fz) =
Zy Y1
X2
Z3 5 V2
g(z3)
xm
Z
dl g(zlh}
Inputs Hidden Final Output
(1) (1) 2 2
+Z Xj _1! ( [J+z g(zj ())
Jj=1 j=1
mEm  Massachuseils MIT Introduction to Learni
III ;:zﬂ;:ﬁ;;—‘; & introtodeeplearning.com D’;ep@Mer?;pLeam'rng M



Single Layer Neural Network

Z
~
Zy Y1
~
Z3 Y2
Zn
m
R, - b (1)
Z=Wop + )XW,
j=1
I ) (1) €Y) (€Y)
II l- - :Haslsachu:eus MIT Introduction to Deep Learning 1/5/26 |
II 'r:;u:::l:r:y & introtodeeplearning.com W @MiTDeeplearmning



Multi Output Perceptron

tensorflow tf =1F

model tf keras Sequential ([

tf keras.layers Dense (n),
tf keras. layers. Dense(Z)

1)
Zy

torch nn 1&
model nn.Sequential ( Py
, s ° Z3 V1
nn.Linear(m, n),
nn . ReLU (), Xy >< ><
nn.Linear(n, 2)
Z3 Vo
Xm
zﬂ
Inputs Hidden Output

115726

MIT Introduction to Deep Learning

I ummm  Massachuseils
Instl 3 |
I I natitute of & introtodeeplearningcom W @MITDeeplearming
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Deep Neural Network

Zk,1
X1
Zy2 Y4
2 [x] - [% X | e [
Zk,3 )
Xm
zk,nk
Inputs Hidden Output
Nkg-1
— K (k)
Zyi =Wy, + 9(Zi-1,7) Wj;
J=1
mmm  Massachusells MIT Introduction to Deep Learni
II lll ;2::;:‘";:; & introtodeeplearningcom W IL?fﬁl_!“’!I'I'I:)I:-;‘;pLearnlﬂg M



Inputs

Deep Neural Network
0

Zi 3

Zkny

Hidden

Output

k
9(Zk-1,5) “'}(,1)

tensorflow tf

model tf keras. Seguential ([

tf. keras. layers.Dense(n,),
tf. keras layers Dense(n,),

layers Dense(Z)

torch nn

model nn.Sequential (

nn.Linear(m, nl),
nn.RelU () ,

.RelU(),
.Linear (nK, Z2)

I I Il N Massachuseiis

I I Institute of
Technology

MIT Introduction to Deep Learning

& introtodeeplearningcom W @MITDeeplearming

115726



SECTION

Neural-network tasks and losses

Apply neural networks to prediction tasks and define training objectives.

MIT 6.5191, Lecture 1, slides 44-53.

COMP 322



Applying Neural Networks



Example Problem

WIll'| pass this class?

Let’s start with a simple two feature model

x1 = Number of lectures you attend

X, = Hours spent on the final project

MIT Introduction to Deep Learning
& introtodeeplearningcom W @MITDeeplearming



Example Problem: Will | pass this class?

A
x, = Hours
spent on the &
final project .
. Legend
. . Pass
o @ i
>
x1 = Number of lectures you attend
| = Massachusetls MIT Introduction to Deep Leamirg
IIIII :-:::,l,:::,;; & introtodeeplearningcom W @MITDeeplearming V326



Example Problem: Will | pass this class?

'
x, = Hours

spent on the
final project . .

Legend

o ° ¢
2N . Pass
@ i

o
x1 = Number of lectures you attend

| IIII = Massachuseils MIT Introduction to Deep Learning

Institute of

II Technology & introtodeeplearningcom W @MITDeeplearming

115726



Example Problem: Will | pass this class!?

x(l) = [4 5] Z, V1 Predicted: 0.1
L &,
5

3

| II'- mm Massachusetts MIT Introduction to Deep Learning
I I r::m.:::;:, & introtodeeplearning.com W @MiTDeeplearmning
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Example Problem: Will | pass this class!?

MIT Introduction to Deep Learning 1/5/26 |

I u - ssachuseiis
Instl i X s a
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Quantifying Loss

The loss of our network measures the cost incurred from incorrect predictions

zZ;
" X 1
x =[4,5] 7, 9
- |
Z3
). [
L(f(xD;w),y®)
Predicted Actual



Empirical Loss

The empirical loss measures the total loss over our entire dataset

f(x) y

_ Zy _ L
.- X, 0.1 %] |
- . . 08| %| 0
’ 8 ZZ yl 06 ‘/ |
. 3 X2 . y

L —1 ZB L * = == ._

. < _1N™ 0. @)
Jwy=—>  L(f(xOw)y®)

S
I
bClo N

* Objective function 2

*  Cost function l
Empirical Risk Predicted Actual
| mmm  Massachusells MIT Introduction to Deep Learning
Ill I I :-::::::':‘:; & introtodeeplearningcom W @MITDeeplearming MR



Binary Cross Entropy Loss

Cross entropy loss can be used with models that output a probability between 0 and |

;. f(x) y

S —_ 1 _ _ . _
4, 5 " 0.1 | X| |

xm |4 | Z; 1 08| %10
5 8 06V | |
¢ X2 . .
I . (i | &

J) =—=%" yOlog(£(xV; W) + (1 - yO)log (1- F(x*; W))

Actual Predicted Actual Predicted

WF loss tf reduce mean( tf nn. softmax cross entropy with logits(y, predicted) )

loss torch.nn.functiocnal.cross entropy( predicted, y )



Mean Squared Error Loss

Mean squared error loss can be used with regression models that output continuous real numbers

; fe
_ _ 1 - _
45 30| % [90

o | B ] . 5 80| %20
5 8 85 |V | 95

P - : :

= =g Zs I LT
1o . . 2 ! )

— (L) — (i). inal Grades

Jw) = nzle (y f(x ’ W)) I(:per::eGntac;e)

Actual Predicted

ﬁ leoss tf. reduce mean( tf square(tf . subtract(y, predicted)) ) loss torch.nn. functional .mse loss (

loss tf keras. losses MSE( y, predicted ) predicted, y )




SECTION

Logistic regression: smooth scores for
classification

Replace a hard threshold with a differentiable probability model.

CMU 11-785, Lecture 3, slides 94-124.

COMP 322



History..

* The realization that training an entire MLP was
a combinatorial optimization problem stalled

development of neural networks for well over
a decade!



The problem

v

X1 Xz X3 Xy Xs

e Our binary error metric is not useful

— To improve the classifier we must move the blue dotted line
left

— But if we move it only slightly, moving it either right or left
results in no change in error

95



Why this problem?

o(z) =

The perceptron is a flat function with zero derivative everywhere,
except at 0 where it is non-differentiable
— You can vary the weights a /ot without changing the error

— There is no indication of which direction to change the weights to
reduce error

96



This only compounds on larger
problems

»
X » Py »
2 »

* e

» *

s » *e » PY
"ttt.ttt".o
.

*
* T s ¥ g0 a0 *

. . X1 X2

* Individual neurons’ weights can change significantly without changing
overall error
* The simple MLP is a flat, non-differentiable function

— Actually a function with 0 derivative nearly everywhere, and no derivatives at
the boundaries
97



A second problem: What we actually

model
o Q. [ ) ¢
{ ]
[ ) o [ ) °
. >
[ )
[ )

* Real-life data are rarely clean
— Not linearly separable

— Rosenblatt’s perceptron learning rule wouldn’t
work in the first place

98



The solution

v

X1 Xz X3 Xy Xs

* Change our way of computing the mismatch such that modifying the
classifier slightly lets us know if we are going the right way or not
— This requires changing both, our activation functions, and the manner in

which we evaluate the mismatch between the classifier output and the
target output

— Our mismatch function will now not actually count errors, but a proxy for it
99



Solution: Differentiable activation

Let’s make the neuron differentiable, with non-zero derivatives over
much of the input space

— Small changes in weight can result in non-negligible changes in output

— This enables us to estimate the parameters using gradient descent

techniques..
100



Differentiable Mismatch function

Threshold activation: shifting the threshold from T, to T, does not change
classification error

0.5

Smooth, continuously varying activation: Classification based on whether the
output is greater than 0.5 or less
Quantify how much the output differs from the desired target value (0 or 1)

Does not indicate if moving the threshold left was good or not

Moving the function left or right changes this quantity, even if the classification error itself

doesn’t change

T

v

0.5

T,

T,

v

101



Poll 3 (@209, @210)

*  Which of the following are true of the threshold activation

Increasing (or decreasing) the threshold will not change the overall classification error unless
the threshold moves past a misclassified training sample

We cannot know if a change (increase of decrease) of the threshold moves it in the correct
direction that will result in a net decrease in classification error

The derivative of the classification error with respect to the threshold gives us an indication of
whether to increase or decrease the threshold

*  Which of the following are true of the continuous activation (sigmoid)

Shifting the function left or right will not change the overall classification error unless the
crossover point (where the function crosses 0.5) moves past a misclassified training sample
Shifting the function will change the total distance of the value of the function from its target
value at the training instances

The derivative of the total distance with respect to the shift of the function gives us an
indication of which direction to shift the function to improve classification error



Poll 3

*  Which of the following are true of the threshold activation

Increasing (or decreasing) the threshold will not change the overall classification error unless
the threshold moves past a misclassified training sample

We cannot know if a change (increase of decrease) of the threshold moves it in the correct
direction that will result in a net decrease in classification error

The derivative of the classification error with respect to the threshold gives us an indication of
whether to increase or decrease the threshold

*  Which of the following are true of the continuous activation (sigmoid)

Shifting the function left or right will not change the overall classification error unless the
crossover point (where the function crosses 0.5) moves past a misclassified training sample
Shifting the function will change the total distance of the value of the function from its
target value at the training instances

The derivative of the total distance with respect to the shift of the function gives us an
indication of which direction to shift the function to improve classification error
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The two key requirements for
learnability

®

0.5

* Continuously varying activation
— Differentiable

e Continuously varying error function
— Also differentiable

104



The two key requirements for
learnability

®

0.5

* Continuously varying activation
— Differentiable

e Continuously varying error function
— Also differentiable

105



Continuous Activations

0 1 2 3

Activation functions o(2)

* Replace the threshold activation with continuous graded activations
— E.g. RELU, softplus, sigmoid etc.

* The activations are differentiable almost everywhere
— Have derivatives almost everywhere
— And have “subderivatives” at non-differentiable corners

* Bounds on the derivative that can substitute for derivatives in our setting
* More on these later 106



The sigmoid activation is special

* This particular one has a nice interpretation

* It can be interpreted as P(y = 1|x)

107



Non-linearly separable data

* Two-dimensional example
— Blue dots (on the floor) on the “red” side
— Red dots (suspended at Y=1) on the “blue” side
— No line will cleanly separate the two colors

108



Non-linearly separable data: 1-D example

* One-dimensional example for visualization
— All (red) dots at Y=1 represent instances of class Y=1
— All (blue) dots at Y=0 are from class Y=0
— The data are not linearly separable

* In this 1-D example, a linear separator is a threshold

* No threshold will cleanly separate red and blue dots o



The probability of y=1

L] o0 O PO 0000 © 000 O O O

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of Y=1 at that point

110



The probability of y=1

L] o0 O PO 0000 © 000 O O O

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

. o0 O PO 0000 © 000 O O O

._“““ ecolee—oo

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

o o0 O PO 0000 © 000 O O O

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

. \PQOICOOQC o 000 0 00

|
0002l ..

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

o/ u“\pn 000 0000 00 0

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

L] J‘”QIQ\QQ.C o 000 0 00
*°

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

T\
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e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

/0
/
/

L] OQQIQ‘““”QC\\‘QOOQ o000

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point

118



The probability of y=1

/
/
‘/

L] OOOIOOOQ.‘S.Q“. o000

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

y
,/7\\
[ ] o0 O PO 000 O “.‘Q\‘.
2 I
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e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

/\

° o0 o po ”.....‘0..

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point
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The probability of y=1

y

/h&

e Consider this differently: at each point look at a small
window around that point

* Plot the average value within the window
— This is an approximation of the probability of 1 at that point

122



The logistic regression model

y=1

o(x) = 1+e™*

y=0
x

* Class 1 becomes increasingly probable going left to right
— Very typical in many problems

123



Logistic regression

Decision: y > 0.5?

X1

. )
When X is a 2-D variable P = = e, wim =)

* This the perceptron with a sigmoid activation
— It actually computes the probability that the input belongs to class 1

124



SECTION

Training neural networks

A compact bridge from the model to the training process.

MIT 6.5191, Lecture 1, slides 54-56.

COMP 322



Training Neural Networks



Loss Optimization

We want to find the network weights that achieve the lowest loss

1o : .
W* = argmin— E L(f(xD;w),y®)
w Niédi=g

W* = argmin (W)
w

MIT Introduction to Deep Learning
& introtodeeplearningcom W @MITDeeplearming



Loss Optimization

We want to find the network weights that achieve the lowest loss

1o : .
W* = argmin— E L(f(xD;w),y®)
w Niédi=g

W* = argmin (W)
w

|

Remember:
W = {W(OJ‘ wQ }

MIT Introduction to Deep Learning
& introtodeeplearningcom W @MITDeeplearming



SECTION

Gradient descent and optimizer variants

The valley picture, gradient descent, and practical update methods.

Stanford CS231n, Lecture 3, printed slides 31-95.

COMP 322



This image is CC01.0
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Strategy #1: A first very bad idea solution: Random search

bestloss = float("inf")
for num in xrange(10600):
W = np.random.randn(16, 3073) * 0.0601
loss = L(X train, Y train, W)
if loss < bestloss:
bestloss = loss
bestW = W
print 'in attempt %d the loss was %f, best %f' % (num, loss, bestloss)
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Lets see how well this works on the test set...

scores = Wbest.dot(Xte_cols) # 10 x 1000¢
Yte predict = np.argmax(scores, axis = 0)

np.mean(Yte predict == Yte)

15.5% accuracy! not bad!
(SOTA is ~99.7%)
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Strategy #2: Follow the slope
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Strategy #2: Follow the slope

In 1-dimension, the derivative of a function:

df(z) _ . fz+h) - f@)

dx h —0 h

In multiple dimensions, the gradient is the vector of (partial derivatives) along
each dimension

The slope in any direction is the dot product of the direction with the gradient
The direction of steepest descent is the negative gradient
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current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,...]

loss 1.25347

Stanford CS231n 10t Anniversary

Lecture 3 -

gradient dW.:

BN

.\J .Q .\) .\) .Q .\) .\) .\)

~
[]
[]
[
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current W: W + h (first dim): gradient dW:
[0.34, [0.34 + 0.0001, [?,
-1.11, -1.11, ?,
0.78, 0.78, ?,
0.12, 0.12, ?,
0.55, 0.55, ?,
2.81, 2.81, ?,
-3.1, -3.1, ?,
-1.5, -1.5, ?,
0.33,...] 0.33,...] ?,...]
loss 1.25347 loss 1.25322
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current W: W + h (first dim): gradient dW:
[0.34, [0.34 + 0.0001, [-2.5,

-1.11, -1.11, ?,

0.78, 0.78, ?, \
0.12, 0.12, (1.25322 - 1.25347)/0.0001
0.55, 0.55, =-25

2.81, 2.81, df(@) _ . fl@+h) - f(a)
-3.1, -3.1, e hoo "
-1.5, -1.5, ?,

0.33,...] 0.33,...] ?,...]

loss 1.25347 loss 1.25322
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current W: W + h (second dim): gradient dW:
[0.34, [0.34, [-2.5,
-1.11, -1.11 + 0.0001, ?,
0.78, 0.78, ?,
0.12, 0.12, ?,
0.55, 0.55, ?,
2.81, 2.81, ?,
-3.1, -3.1, ?,
-1.5, -1.5, ?,
0.33,...] 0.33,...] ?,...]
loss 1.25347 | loss 1.25353
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current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,...]

loss 1.25347

W + h (second dim):

[0.34,

-1.11 + 0.0001,
0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,...]

loss 1.25353

gradient dW.:

[-2.5,

0.6,
"\
,,

(1.25353 - 1.25347)/0.0001
= 0.6

af@) _ . f@+h) - f@)

dr h —0 h

Stanford CS231n 10t Anniversary
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current W: W + h (third dim): gradient dW:
[0.34, [0.34, [-2.5,
-1.11, -1.11, 0.6,
0.78, 0.78 + 0.0001, ?,
0.12, 0.12, ?,
0.55, 0.55, ?,
2.81, 2.81, ?,
-3.1, -3.1, ?,
-1.5, -1.5, ?,
0.33,...] 0.33,...] ?,...]
loss 1.25347 | loss 1.25347
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current W: W + h (third dim): gradient dW:

[0.34, [0.34, [-2.5,

-1'111 '1.11, 06,

0.78, 0.78 + 0.0001, 0

0.12, 0.12, 2 ’\

0.55, 0.55,

2.81, 2.81 (:1(.)25347 - 1.25347)/0.0001
-3.1, -3.1, . —
-1.5, -1.5, dJ;{I} Z,}i{}},ﬂ +hfi f(=z)
0.33,...] 0.33,...] -

loss 1.25347 | loss 1.25347
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current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,...]

loss 1.25347

W + h (third dim):

[0.34,

-1.11,

0.78 + 0.0001,
0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,...]

loss 1.25347

gradient dW.:

[-2.5,
0.6,

O,
)

Numeric Gradient
Slow! Need to loop over
all dimensions
Approximate

7 ]

Stanford CS231n 10t Anniversary
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This is silly. The loss is just a function of W:
L= %Z?;Li + 2 Wi

Li = >4, max(0,s; — sy, +1)

s=f(x; W) =Wz

want VwL
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This is silly. The loss Is just a function of W:

= lZ?;Li + 2 W
Ly = —lc:g(Z EJ)
s=f(x; W) =Wz

want VwL

Use calculus to compute an
analytic gradient
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current W:

[0.34,

-1.11,

0.78,

0.12,

0.55,

2.81,

-3.1,

-1.5,

0.33,...]

loss 1.25347

dw = ...
(some function
data and W)

\

Stanford CS231n 10t Anniversary

Lecture 3- 47

gradient dW.:

[-2.5,
0.6,

0,

0.2,
0.7,
-0.5,
1.1,
1.3,
2.1,..]

April 8, 2025



In summary:

- Numerical gradient: approximate, slow, easy to write

- Analytic gradient: exact, fast, error-prone

=>

In practice: Always use analytic gradient, but check
Implementation with numerical gradient. This is called a
gradient check.
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Gradient Descent

while True:
weights grad = evaluate gradient(loss fun, data, weights)
weights += - step size * weights grad # perform parameter update
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original W

-

negative gradient direction
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N
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Stochastic Gradient Descent (SGD)

Full sum expensive

when N is large!
L(W) = N :E::l; Ti, Yi, W) + AR(W) g
. Approximate sum
L(W) = — Li(z: u:. W) + A\ W using a minibatch of
Vw L(W) N ; VwLi(i, yi, W) + AVw B(W) examples

32/64 /128 common

while 1
data batch = sample training data(data, 256) # sample 256
weights grad = evaluate gradient(loss_fun, data batch, welghts)
weights += - step size * weights grad ¢ : Py . L
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?
What does gradient descent do?

—

v

wl
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?
What does gradient descent do?

, Very slow progress along shallow dimension, jitter along steep direction
W

A
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Optimization: Problem #1 with SGD

What if loss changes quickly in one direction and slowly in another?
What does gradient descent do?

, Very slow progress along shallow dimension, jitter along steep direction
W

A

v

Aside: Loss function has high condition number: ratio of largest to wi

smallest singular value of the Hessian matrix is large
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Optimization: Problem #2 with SGD

loss

What if the loss
function has a
local minima or
saddle point?
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Optimization: Problem #2 with SGD

loss

What if the loss
function has a
local minima or
saddle point?

Zero gradient,
gradient descent
gets stuck
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Optimization: Problem #2 with SGD

What if the loss
function has a
local minima or
saddle point?

Saddle points much
more common in
high dimension

Dauphin et al, “Identifying and attacking the saddle point problem in high-dimensional non-convex optimization”, NIPS 2014
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Optimization: Problem #2 with SGD

saddle point in two dimension

f(way) = 1 _y2

0
E{mz —y*) =2z = 2(0) =0

—y*) = -2y — —2(0)=0

Image source: https://en.wikipedia.org/wiki/Saddle point
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Optimization: Problem #3 with SGD

Our gradients come from
minibatches so they can be noisy!

N

L(W) = % ZLi(mi:yi: W)

1=1

N
1
VwL(W) = & Y VwLi(zi,yi, W)
i=1
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SGD + Momentum Gradient Noise

Local Minima  Saddle points

e N\

Poor Conditioning

I SGD+Momentum
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SGD: the simple two line update code

SGD

Tip1 = Ty — (.‘Evf(li':f)

while True:
dx = compute_gradient(x)
X —= learning_rate * dx
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SGD + Momentum:

continue moving in the general direction as the previous iterations

SGD SGD+Momentum
Vig1 = pvr + V f(xy)

Li41 = L — AV

while True:
dx = compute_gradient(x)
X —= learning_rate * dx

- Build up “velocity” as a running mean of gradients
- Rho gives “friction”; typically rho=0.9 or 0.99

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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SGD + Momentum:

continue moving in the general direction as the previous iterations

SGD SGD+Momentum
Vi1 = pvy + Vf(xe)
Tiy1 = 1y — aV f(xy)
Tty = T — V41
while True: Vx.: >
dx = compute_gradient(x) while True:
x —= learning_rate * dx dx = compute_gradient(x)
vX = rho * vx + dx
X —= learning_rate * vX

- Build up “velocity” as a running mean of gradients
- Rho gives “momentum”; typically rho=0.9 or 0.99

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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SGD + Momentum:
alternative equivalent formulation

SGD+Momentum SGD+Momentum
Vel = pug — oV f(24) Vi1 = pug + Vf(z)
Ti41 = T + V41 Tyl = Tt — QUp4
vx = 0 VX = @
while True: while True:
dx = compute_gradient(x) dx = compute_gradient(x)
vX = rho * vx - learning_rate * dx vX = rho * vx + dx
X += VX X —= learning_rate * vx

You may see SGD+Momentum formulated different ways,
but they are equivalent - give same sequence of x

Sutskever et al, “On the importance of initialization and momentum in deep learning”, ICML 2013
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More Complex Optimizers: RMSProp

:ﬁ:;eewue. Adds element-wise scaling of the
SGD + dx = com,',ute gradient(x) gradient based on the historical sum of
Momentum Uk = rhol b VX % dx squares in each dimension (with decay)
X —= learning_rate * vXx

|

grad_squared = 0
while True:
RMSPrOp dx = compute_gradient(x)
| grad_squared = decay_rate * grad_squared + (1 - decay rate) * dx * dx|
X -= learning_rate * dx / (np.sqrt(grad_squared) + 1e-7)

Tieleman and Hinton, 2012

Stanford CS231n 10t Anniversary Lecture 3- 66

April 8, 2025



More Complex Optimizers: RMSProp

vX = 0 “ . ”
Per-parameter learning rates

while True: . _ _ )
SGD + ix = compute_gradient(x) ©OF ‘adaptive learning rates

Momentum vX = rho * vx + dx

X —= learning_rate * vXx
grad_squared = 0

while True:

RMSPrOp dx = compute_gradient(x)

grad_squared = decay_rate * grad_squared + (1 - decay_rate) * dx * dx
[ x -= learning_rate * dx / (np.sqrt(grad_squared) + 1e-7) |

Tieleman and Hinton, 2012
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RMSProp

grad_squared = 0
while True:
RMSPrOp dx = compute_gradient(x)
grad_squared = decay_rate * grad_squared + (1 - decay_rate) * dx * dx
X -= learning_rate * dx /|(np.sqrt(grad_squared) + 1le-7)

Q: What happens with RMSProp?

Tieleman and Hinton, 2012
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RMSProp

grad_squared = 0
while True:
RMSPI‘Op dx = compute_gradient(x)
grad_squared = decay_rate * grad_squared + (1 - decay_rate) * dx * dx
X -= learning_rate * dx /|(np.sqrt(grad_squared) + 1le-7)

Q: What happens Wlth RMSPrOpr) Progress along “steep” directions is damped,;

progress along “flat” directions is accelerated

Tieleman and Hinton, 2012
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RMSProp

—— SGD+Momentum

m— RMSProp
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Optimizers: Adam (almost)

first_moment = 0O
second_moment = 0
while True:
dx = compute_gradient(x)
first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
X -= learning_rate * first_moment / (np.sqrt(second_moment) + le-7))

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015
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Adam (almost)

first_moment = 0
second_moment = 0
while True:

dx = compute_gradient(x)

first_moment = betal * first_moment + (1 - betal) * dx|
second_moment = beta2 * second_moment + (1 - beta2 MO
X -= learning_rate * first_moment / (np.sqrt(second_moment) + 1e-7))

Sort of like RMSProp with momentum

Q: What happens at first timestep?

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015

Momentum

RMSProp
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Adam (full form)

first_moment = 0

second_moment = 0

for t in range(1, num_iterations):
dx = compute_gradient(x) Momentum
first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
first_unbias = first_moment / (1 - betal ** t) ) )
second_unbias = second_moment / (1 - beta2 ** t) Blas correction

| x -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7)) |

AdaGrad / RMSProp

Bias correction for the fact that
first and second moment
estimates start at zero

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015

Stanford CS231n 10t Anniversary Lecture 3- 73 April 8, 2025



Adam (full form)

first_moment = 0

second_moment = 0

for t in range(1, num_iterations):
dx = compute_gradient(x) Momentum
first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
first_unbias = first_moment / (1 - betal ** t) ) )
second_unbias = second_moment / (1 - beta2 ** t) Blas correction

| x -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7)) |

AdaGrad / RMSProp

Bias correction for the fact that Adam with betal = 0.9,

firsF and second moment beta2 = 0.999, and learning_rate = 1e-3 or 5e-4
estimates start at zero is a great starting point for many models!

Kingma and Ba, “Adam: A method for stochastic optimization”, ICLR 2015
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Adam

SGD

SGD+Momentum

RMSProp

Adam
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AdamW: Adam Variant with Weight Decay

Q: How does regularization interact
with the optimizer? (e.g., L2)

first_moment = ©

second_moment = 0

for t in range(1, num_iterations):
dx = compute_gradient(x)
first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
first_unbias = first_moment / (1 - betal ** t)
second_unbias = second_moment / (1 - beta2 ** t)
X -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7))
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AdamW: Adam Variant with Weight Decay

Q: How does regularization interact
with the optimizer? (e.g., L2)

first_moment = ©

second_moment = 0

for t in range(1, num_iterations):
dx = compute_gradient(x)

first_moment = betal * first_moment + (1 - betal) * dx
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
first_unbias = first_moment / (1 - betal ** t)

second_unbias = second_moment / (1 - beta2 ** t)

X -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7))

A: It depends!
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AdamW: Adam Variant with Weight Decay

Q: How does regularization interact
with the optimizer? (e.g., L2)

first moNent = o Standard Adam computes L2 here

second_moment = 0 ]
for t in range(1, num_iterations): LJS;E}(j (ijr|r]£J rT]()rY]EEr]t
dx = compute_gradient(x)

first_moment = betal * first_moment + (1 - betal) * dx (:EiI(:lJ|61t|()r155!
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx

first_unbias = first_moment / (1 - betal ** t)

second_unbias = second_moment / (1 - beta2 ** t)

X -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7))
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AdamW: Adam Variant with Weight Decay

Q: How does regularization interact
with the optimizer? (e.g., L2)

first_moment = 0
second_moment = 0

for t in range(1, num_iterations): (:()rY]F)[]tE}(j EiftE}r tr]E}
dx = compute_gradient(x)
first_moment = betal * first_moment + (1 - betal) * dx rT]()rT]EEr1t55!
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx
first_unbias = first_moment / (1 - betal ** t)
second_unbias = second_moment / (1 - beta2 ** t)
x -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7)) a

AdamW (Weight Decay) adds term here
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AdamW: Adam Variant with Weight Decay

Q: How does regularization interact

with the optimizer? (e.g., L2)
. Y.,
> 090
8
5 085
firet RosBnt =0 Standard Adam computes L2 here S aso
second_moment = 0 E
. L 075
for t in range(1, num_iterations): %
dx = compute_gradient(x) = 070
first_moment = betal * first_moment + (1 - betal) * dx S 065
second_moment = beta2 * second_moment + (1 - beta2) * dx * dx - 060 — wd
first_unbias = first_moment / (1 - betal ** t) ' L2
second_unbias = second_moment / (1 - beta2 ** t) 0 5 10 15 P P 30
x -= learning_rate * first_unbias / (np.sqrt(second_unbias) + 1e-7)) a Training Epoch

Source: https://www fast.ai/posts/2018-07-02-
m-weight- html

AdamW (Weight Decay) adds term here
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Learning rate schedules

while True:

weights grad = ~gradient(loss fun, data, weights)
weights += -|step size|* weights grad # perform parameter update

l

Learning rate

Stanford CS231n 10" Anniversary Lecture 3 - 81 April 8, 2025



SGD, SGD+Momentum, RMSProp, Adam, AdamW all have
learning rate as a hyperparameter.

A
loss

Q: Which one of these learning
rates iIs best to use?

low learning rate

high learning rate

good learning rate
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SGD, SGD+Momentum, RMSProp, Adam, AdamW all have
learning rate as a hyperparameter.

A
loss

Q: Which one of these learning
rates iIs best to use?

low learning rate

R — A: In reality, all of these could be

\M good learning rates.

good learning rate
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Learning rate decays over time

Training Loss

4.0 7

Step: Reduce learning rate at a few fixed
Reduce learning rate points. E.g. for ResNets, multiply LR by 0.1
l after epochs 30, 60, and 90.
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Learning Rate Decay

Learning rate
10 - Step: Reduce learning rate at a few fixed

points. E.g. for ResNets, multiply LR by 0.1
after epochs 30, 60, and 90.

06 1 1
Cosine: oy = E(}.’(] (1 + CO&(t?T/T))

03 1

04

0z

0.0 1

0 20 ap 60 B0 100
Epoch

X0 : Initial learning rate
Loshchilov and Hutter, “SGDR: Stochastic Gradient Descent with Warm Restarts”, ICLR 2017

Radford et al, “Improving Language Understanding by Generative Pre-Training”, 2018 {]ft . Leal'nlng rate at epOCh t
Feichtenhofer et al, “SlowFast Networks for Video Recognition”, arXiv 2018 .
Child at al, “Generating Long Sequences with Sparse Transformers”, arXiv 2019 T . TOtal number Of epOChS
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Learning Rate Decay

Training Loss

10 +

Step: Reduce learning rate at a few fixed
points. E.g. for ResNets, multiply LR by 0.1
after epochs 30, 60, and 90.

1
Cosine: o = 540 (1 + cos(tw/T))

08 1

0.6 A

Loss

04

02z

0.0

T T
150 200 250 300

Epoch

T
0 50 100

YQ : Initial learning rate
Loshchilov and Hutter, “SGDR: Stochastic Gradient Descent with Warm Restarts”, ICLR 2017

Radford et al, “Improving Language Understanding by Generative Pre-Training”, 2018 at . Leamlng rate at epOCh t
Feichtenhofer et al, “SlowFast Networks for Video Recognition”, arXiv 2018 .
Child at al, “Generating Long Sequences with Sparse Transformers”, arXiv 2019 T . TOtaI number Of epOChS
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Learning Rate Decay

Learning rate _ _
10 Step: Reduce learning rate at a few fixed

points. E.g. for ResNets, multiply LR by 0.1
after epochs 30, 60, and 90.

1
Cosine: oy = 50 (1 + cos(tw/T))

0.8 1
0.6 1
0.4 4

02 Linear: oy = ag(1 —t/T)

0.0 1

0 20 a 60 80 100
Epoch
X0 : Initial learning rate
(¢ : Learning rate at epoch t
: Total number of epochs

Devlin et al, “BERT: Pre-training of Deep Bidirectional Transformers for T
Language Understanding”, 2018
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Learning Rate Decay

Learning rate

Lo ] Step: Reduce learning rate at a few fixed
points. E.g. for ResNets, multiply LR by 0.1

08 after epochs 30, 60, and 90.

08 1 1

Cosine: oy = 50 (1 + cos(tw/T))

Linear: oy = ag(1 —t/T)

02 4

Inverse sqrt: oy = g/

0 20 a0 60 B 100
Epoch
X0 : Initial learning rate
(¢ : Learning rate at epoch t

‘[’ : Total number of epochs

Vaswani et al, “Attention is all you need’, NIPS 2017
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Learning Rate Decay: Linear Warmup

Learning rate C e :
06 High initial learning rates can make loss

05 explode; linearly increasing learning rate
from O over the first ~5,000 iterations can
prevent this.

04
03 4

021 Empirical rule of thumb: If you increase the
batch size by N, also scale the initial
learning rate by N

01

0.0 4

0 20 a0 60 B0 100
Epoch

Goyal et al, “Accurate, Large Minibatch SGD: Training ImageNetin 1 Hour”, arXiv 2017

Stanford CS231n 10t Anniversary Lecture 3- 89 April 8, 2025



First-Order Optimization

Loss

wl -
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First-Order Optimization

(1) Use gradient form linear approximation
(2) Step to minimize the approximation

Loss

S

wl

v
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Second-Order Optimization

(1) Use gradient and Hessian to form quadratic approximation
(2) Step to the minima of the approximation

Loss

wl

v
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Second-Order Optimization

second-order Taylor expansion:

1

5 (6 —60) 'H(6 - 6)

J(0) =~ J(0) + (0 — &) " VeJ(6) +

Solving for the critical point we obtain the Newton parameter update:

0" =0, — H 'VoJ(0,)

Q: Why is this bad for deep learning?
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Second-Order Optimization

second-order Taylor expansion:

1

5 (0—60) ' H(6—6,)

J(0) =~ J(0) + (0 — &) " VeJ(6) +

Solving for the critical point we obtain the Newton parameter update:

. 1 Hessian has O(N”2) elements
0 =0,—-H VoJ(0o) Inverting takes O(N”3)

N = (Tens or Hundreds of) Millions

Q: Why is this bad for deep learning?
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In practice:

- Adam(W) is a good default choice in many cases; it
often works ok even with constant learning rate

- SGD+Momentum can outperform Adam but may
require more tuning of LR and schedule

- If you can afford to do full batch updates then look
beyond 15t order optimization (2" order and
beyond)
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SECTION

From gradient descent to
backpropagation

Use a small network to motivate how a parameter change affects the final loss.

MIT 6.5191, Lecture 1, slides 57-70.

COMP 322



Loss Optimization

W* = argmin J (W)
w

Remember:
Our loss is a function of
the network weights!

J(wo, wy) |




Loss Optimization

Randomly pick an initial (wg, wy)

](WDJ wl) |




Loss Optimization

aJ(W)

Compute gradient,

aw

](WUJ wl) |




Loss Optimization

Take small step in opposite direction of gradient

](WUJ wl) |




Gradient Descent

Repeat until convergence

](WUJ W1) |




Gradient Descent

Algorithm
. Initialize weights randomly ~N'(0, 62)

2. Loop until convergence:

o] (W)
ow

3.

Compute gradient,

aJ(W)

4. Update weights, W « W —n e

5. Return weights

MIT Introduction to Deep Learning
& introtodeeplearningcom W @MITDeeplearming



Gradient Descent 1,:

tensorflow § T

Algorithm

. Inmtialize We;gh-ts random|y NN(O' 0-2) weights - tf . Variable([tf random.normal()])

2. Loop until convergence: N e

3. Eairitiite gr‘adlen‘t ]( ) with tf.GradientTape() as g:
p ow loss compute loss (weights)
3](W) gradient g.gradient (loss, weights)

4. Update weights, W « W — n———

5. Return We*ghts weights - weights lr * gradient

LA chi : +
T MIT Introducton to Deep Leaming

Technology @ introtodeeplearning.com W @MITDeeplearning /526



Gradient Descent

Algorithm
| Initialize weights randomly ~N' (0, 0%)

2. Loop until convergence:

3. Compute gradient, 616(?
4. Update weights, W « W —n a];pu;)

5. Return weights

T

tensorflow § T

weights tf Variable([tf random.normal () ])
while True:
with tf.GradientTape() as g:

loss

gradient

compute loss (weights)
g gradient (loss, w
gradient

weights weights lr

MIT Introduction to Deep Learning

I u s Massachuseils
I I @ introtodeeplearningcom 9 @MITDeeplearning

I I Institute of
Technology

1/5/26



Computing Gradients: Backpropagation

X >  z; > § » (W)

How does a small change in one weight (ex. w,) affect the final loss J (W)?

MIT Introduction to Deep Learning

& introtodeeplearning.com W @MiTDeeplearmning 1/5126



Computing Gradients: Backpropagation

X >  z; > § » (W)

oJ(W)

ow,

\

Let's use the chain rule!

I o ssachusells
Institute of 3 |
II -,2:,,,,:,':,:, & introtodeeplearningcom W @MITDeeplearming

MIT Introduction to Deep Learning 1/5/26



Computing Gradients: Backpropagation

wy w
x >z, SN 7 ee—

agw) W) . ay
ow, 09 ow,

Illi B Massachusets MIT Introduction to Deep Learning

ggggggggg & introtodeeplearningcom W @MITDeeplearming V326



Computing Gradients: Backpropagation

wq w
x bz, e [ ———

gw) _dw) 9y
ow;, ow,

| ——

Apply chain rule! Apply chain rule!

Illi B Massachusets MIT Introduction to Deep Learning

ggggggggg & introtodeeplearningcom W @MITDeeplearming V326



Computing Gradients: Backpropagation

w1 w
X — z, SN J  e— O
qw) _wy) 9 oz
aw, 35 0z, = ow,
[ [ —— lf—
| m . Massachuseils MIT Introducti Learni
I I I l ,I-:i:,l,:::,;; €9 introtodeep |earninl-é.,::t§r|:1 = D’;EP@MFI_E;?;p Learning 26



Computing Gradients: Backpropagation

I

ywy _ymw) 39 oz
w, a9 oz, = ow,

Repeat this for every weight in the network using gradients from later layers

| = Massachusetls MIT Introduction to Deep Learning
III I I ;:::::‘I:':; & introtodeeplearningcom W @MITDeeplearming M



SECTION

Calculus refresher and a full
forward/backward pass

Derivative, partial derivative, chain rule, forward pass, and backward pass.

TEACHING NOTE

CMU calls its per-example error a 'divergence’ in this lecture. For the general setting, 'loss' is the broader term; write
the example loss as ell(y_hat, y).

CMU 11-785, Lecture 5, slides 2-60.

COMP 322



Training neural nets through Empirical
Risk Minimization: Problem Setup

Given a training set of input-output pairs
(X1; dl)f (XZJ dz)» ey (XTr dT)

The divergence on the it instance is div(Y;, d;)
- Y =f&X;W)
The loss (empirical risk)

1
Loss(W) = 72 div(Y;, d;)
i

Minimize Loss w.r.t {W(k) b.(k)

ij b }usinggradient descent

2




Notation

(€Y) 2 3
1 7 y() 1()

output layer

* The input layer is the 0" layer

* We will represent the output of the i-th perceptron of the k" layer as y.(k)

l
— Input to network: y.(o)

Y

— Output of network: y; = l.(N)
*  We will represent the weight of the connection between the i-th unit of

the k-1th layer and the jth unit of the k-th layer as wi(jk)

— The bias to the jth unit of the k-th layer is bj(k)



Recap: Gradient Descent Algorithm

* Initialize:  To minimize any function Loss(W) w.r.t W
—Wwo
—k=0

* do
—WHtL = W* —n*VLoss(W*) T
_k=k+1

» while |Loss(W¥) — Loss(W¥*1)| > ¢




Recap: Gradient Descent Algorithm

In order to minimize L(W) w.r.t. W
Initialize:

— WO

—k=0

do

— For every component {

k oL
ow;

Explicitly stating it by component

. Wik+1 _ Wik —7
~k=k+1
while |[L(W¥) — L(W*1)| > ¢

11-755/18-797




Training Neural Nets through Gradient
Descent

Total training Loss:

1
Loss = ?z Div(Y: d;)
t

* Gradient descent algorithm: Assuming the bias is also
o . . (k)] represented as a weight
* Initialize all weights and biases {wij }
— Using the extended notation: the bias is also a weight
* Do:
— For every layer k for all i, j, update:
. k) _ (k) dLoss
Wijm =Wy =N

Lj

e Until Loss has converged



Training Neural Nets through Gradient
Descent

Total training Loss:

1
Loss = ?z Div(Y: d;)
t

* Gradient descent algorithm: Assuming the bias is also
o . . (k)] represented as a weight
* Initialize all weights and biases {wij }
— Using the extended notation: the bias is also a weight
* Do:
— For every layer k for all i, j, update:
. (k) _ (k) dLoss
Wij = Wij ~ {1l g,®
)

e Until Loss has converged



The derivative

Total training Loss:

1
Loss = ?Z Div(Y: d;)
t

 Computing the derivative

Total derivative:

dLoss dDiv(Y,, d;)
(k) T z (k)
Wij




The derivative

Total training Loss:

1
Loss = ?z Div(Y: d;)
t

 Computing the derivative

Total derivative:
dLoss 1N dDiv(Yy, dy)

dw(k) T dw(k)

i,j t i,j

e So we must first figure out how to compute the
derivative of divergences of individual training
inputs



Calculus Refresher: Basic rules of

calculus
For any differentiable function
y=f(x)
with derivative
d_y

dx
the following must hold for sufficiently small Ax [ > Ay ~

dy
—A
dx x

10



Calculus Refresher: Basic rules of

calculus

For any differentiable function

y=f(x)
with derivative

ay
th flldx' must hold for sufficiently small A I:>A dyA

e following must hold for sufficien all Ax ~ —
g Y y dx X

Introducing the
“influence" diagram:
x influences y

11



Calculus Refresher: Basic rules of

calculus
For any differentiable function
y=f(x)
with derivative
dy
the following must hold for sufficiently small ax C2p Ay ~ 22 A
e following must hold for sufficiently small Ax ~ —Ax
g Y y dx
Introducing the
‘ “influence" diagram:
25 " Y xinfluencesy
The derivative graph:
dy The edge carries the
T derivative.
Ax dx » Ay
dy Node and edge weights
Ay = EAX multiply




Calculus Refresher: Basic rules of calculus

For any differentiable function
y = f(x1;x2; '"fo)

What is the influence diagram relating x4, x5, ..., Xp; and y?

13



Calculus Refresher: Basic rules of calculus

For any differentiable function
y = f(x1;x2; '"fo)

X1

X2 > y The derivative diagram?
N / |



Calculus Refresher: Basic rules of calculus

For any differentiable function
y = f(x1, %2, e, Xp)

with partial derivatives
dy 0y dy
0x; " 0xy" " dxy

X1

dy
Ax4 T
X Ax,— 2
2=y 2 5 ——= Ay
/ /
XM Ax 0xXy 15




Calculus Refresher: Basic rules of calculus

For any differentiable function
y = f(xq, X, .., Xp1)

with partial derivatives
dy 0y dy
0x; " 0xy" " dxy

the following must hold for sufficiently small Axy, Ax,, ..., Axy

dy dy ay
Ay ~ = Ax; + ——Ax, + -
S R L

d
Ax 9
X2 S, J y 4

— Axy

16




Calculus Refresher: Chain rule

For any nested function y = f(g(x))

17



Calculus Refresher: Chain rule
For any nested function y = f(g(x))

dy dy dg(x)

dx  dg(x) dx
X "9 y
dg dy
dx dg
Ax »Ag > Ay
Ay = B 490 A,
dg(x) dx

18



Distributed Chain Rule: Influence
Diagram

y = f(gl(x),gl(x), ---:gM(x))

Shorthand: Z; = gi(x)

19



Distributed Chain Rule: Influence
Diagram

v = f(910(0), g1(x0), ..., g (x)) z; = gi(x)

Derivative rule?

* x affects y through each of g4 ... gy

20



Distributed Chain Rule: Influence
Diagram

y = f(gl(x),gl(x), ---»gM(x))

21



Calculus Refresher: Chain rule
summary @

X y
For'y = f(Zl,Zz, ...,ZM) v

where Z; = gl(.X')

Ay = ZG_ZLAZ‘ Az; =

dy 0y dz N dy dz,
dx 0z, dx 0z, dx




Calculus Refresher: Chain rule
summary

For any nested function [ = f(y) where y = g(z)

dl _dldy
dz dydz

FOI"l = f(leZZI ...,ZM) i @ l
where z; = g;(x) ”

dl 0dl dz; 0l dz, dl dzy
dx 0z; dx 0z, dx 0z dx

23




Our problem for today

* How to compute

instance

dDiv(Y,d)

(k)
dwi, j

for a single data

24



Poll 1 (@387, @388)

The chain rule of derivatives can be derived from the basic definition of derivatives, dy = derivative
* dx, true or false

e True

e False

Which of the following is true of the “influence diagram”
e It graphically shows all paths (and variables) through which one variable influences the other

e The derivative of the influenced (outcome) variable with respect to the influencer (input)
variable must be summed over all outgoing paths from the influencer variable



Poll 1

The chain rule of derivatives can be derived from the basic definition of derivatives, dy = derivative
* dx, true or false

e True (correct)

e False

Which of the following is true of the “influence diagram”

e It graphically shows all paths (and variables) through which one variable influences the other
(true)

e The derivative of the influenced (outcome) variable with respect to the influencer (input)
variable must be summed over all outgoing paths from the influencer variable (true)



A first closer look at the network

X1

X,
* Showing a tiny 2-input network for illustration

— Actual network would have many more neurons
and inputs

27



A first closer look at the network

e Showing a tiny 2-input network for illustration
— Actual network would have many more neurons and inputs

* Explicitly separating the affine function of inputs from the
activation

28



A first closer look at the network

* Showing a tiny 2-input network for illustration
— Actual network would have many more neurons and inputs

e Expanded with all weights shown

 Let’s label the other variables too...

29



Computing the derivative for a single

Input
(1) @)
et @ e @)
X4 “1 ( D 1 NGO
D AL 1 Vg
W12 2 W(3)
2 1,1

30



Computing the derivative for a single

Input
. dDiv(Y,d)
e w(z) What is —l(,;)
o (1) 1(11) (2>
Z1 Z (2)
€ i
W12 (2 ) [ (3)
W W11
' d
W
o)
(1 é RIS
WZ ’
1) 2@ NO)
*e S
)
Wo,1 €8] ()
, 3)
Wo,1 W(g’ZZ) W 1

31



w.

Computing the gradient

: . .. dDiv(Yd :
* Note: computation of the derivative % requires
w

Lj
intermediate and final output values of the network in
response to the input .



The “forward pass”

yO = x
>/ Z(1) vl 2@ vl ZB) Ve
AVN e 4?,:/. e 4?,4/.

W=\

W=
4\ WAl g WAl

NI i
/-

//’A Q //A
) )~

Ny
A

1

We will refer to the process of computing the output from an input as
the forward pass

We will illustrate the forward pass in the following slides



W O O
AN i) PN ) AN
Ao o

1

)

Setting yl.(0 = x; for notational convenience

Assuming (!’ = b and y{ = 1 -- assuming the bias is a weight and extending
the output of every layer by a constant 1, to account for the biases



RO The “forward pass
// z() y() z() y() ze) Y3
w «9/' 9 )

/‘M M}’A T

W

(1) (1), (0)
Zy _zwll Yi




% The “forward pass”

VO = x
/ v 0 yo 2B e
v (&) N (& N
A 4.6 Ag?,l/;g AN
W O~y r &
AN O N O AN
Rollol
O

1

1 _ (1, (0)
z; _ZWU Y;
i
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/\Y] ('/’ 6
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»‘/A /‘lm M}’/A e




'fm
‘V

/A\

W(2
e
)

Z(1
0=
i W(l
N
©
yi =
f
(1
)




AV A\'ls A\?l/s
N 7aOavi7aOany

{
N/ [y I
AN AN

RO

N
-

(1) (1) (2) _ (2)
1 _ (1, (0) = Z; (2 _ 2, I = Z; |
z; " = E Wi Vi Y f1(1 ) z;" = E Wiy Y fz(] )
i i



AVY (
WO
AN JiN
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N/ I

/

" 9 "v
AN
V

/

(1) _ (1) () _ (2)
20 =S W 3P =A(E7) 2= w@y® 90 =f(57)
i i

ij
3) _ 3),,2)
Zj = z Wij yi
i
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Z()_Zw(l)ym) v =f( 2 = ZW(Z) @y =f(2?)
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//A

N-1 N-1 )
yj( = fu-a (ZJ'( )) g z

(N), (N-1)
Wi Vi

GN6)

y®™ = £, (z)



v = x Forward Computation

>/ z() a y o z2) E a y® 5(N-1) e Y-

(3)
y() YA

\/ \ \/ A
‘%A AV\?/}A AV%A @A‘V‘Q

'fmrvmrvm @ llﬁ‘

""‘ﬂ /
ITERATE FOR k= 1:N for j = 1:layer-width

yi(o) . ( ) _ z Wl(Jk)yz(k 1)

v =1 ()] -




Input: D dimensional vectorx = [x;, j =1..D]

Forward “Pass”

Set:

— Dy = D, is the width of the 0% (input) layer
0 . k=1..N

—yj()=xj,]=1...D; yo( )=x0=1

Forlayerk =1..N

— Forj = 1...Dy | Dyis the size of the kth layer

o 20 yPror ), (0 Gem)

| i=0 Wij Vi
=)
Output:
N) .
~Y =y, j=1.Dy

44



Computing derivatives

y(N-Z)

y(1)

We have computed all these intermediate values in the
forward computation

We must remember them - we will need them to compute
the derivatives 5



Computing derivatives

Div(Y,d)

First, we compute the divergence between the output of the net y = yN) and the
desired output d

46



Computing derivatives

Div(Y,d)

We then compute V, (v)div(.) the derivative of the divergence w.r.t. the final output of the
network yN)

47



Computing derivatives

Div(Y,d)

We then compute V, (v)div(.) the derivative of the divergence w.r.t. the final output of the
network yN)

We then compute V, (v div(.) the derivative of the divergence w.r.t. the pre-activation affine

combination z™ using the chain rule "



Computing derivatives

Div(Y,d)

Continuing on, we will compute ;) div(.) the derivative of the divergence with respect
to the weights of the connections to the output layer

49



Computing derivatives

y(l)

Div(Y,d)

Continuing on, we will compute ;) div(.) the derivative of the divergence with respect
to the weights of the connections to the output layer

Then continue with the chain rule to compute V,wv-1)div(.) the derivative of the

divergence w.r.t. the output of the N-1th layer -



Computing derivatives

i i 2

Div(Y,d)

We continue our way backwards in the order shown

V_n-ndiv(.)

Z



Div(Y,d)

We continue our way backwards in the order shown

Vi (N-1) div(.)



Div(Y,d)

We continue our way backwards in the order shown

V-2 div(.)



Div(Y,d)

We continue our way backwards in the order shown

VZ(N—Z) div(. )



Div(Y,d)

We continue our way backwards in the order shown

VY(1)diU(.)



Div(Y,d)

We continue our way backwards in the order shown

VZ(1)diU(.)



Div(Y,d)

We continue our way backwards in the order shown

VW(1) diU(. )



Backward Gradient Computation

e Let’s actually see the math..

58



Computing derivatives

Div(Y,d)




Computing derivatives

y(N-Z)

y(l)

The derivative w.r.t the actual output of the
final layer of the network is simply the derivative
w.r.t to the output of the network

aDiv(Y,d) aDiv(Y,d)

ayi(N) - 0yi

Div(Y,d)

60



SECTION

Scalar backpropagation examples

Work through a compact computational graph and read off local derivatives.

Stanford CS231n, Lecture 4, printed slides 59-74.
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Backpropagation: a simple example

f(z,y,2) = (z+y)z
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Backpropagation: a simple example

f(z,y,2) = (z+y)z
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4

Stanford CS231n 10t Anniversary

Lecture 4 - 62

April 10,2025



Backpropagation: a simple example X -2

f(mayaz) e— ('T‘I_y)z
e.g.x=-2,y=5z=-4

_ d , 0q
gy L dp
f:qz @_q_zag_q
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Backpropagation: a simple example X -2

f(mayaz) e— ('T‘I_y)z
e.g.x=-2,y=5z=-4

_ 0 . 0qg
q=T+Y g—l,a—l
of of
f:qz @_q:zagzq
of of Of

Want: e R
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Backpropagation: a simple example X -2

f(mayaz):(m_l_y)z yD@Q3

e.g.x=-2,y=5z=-4

_ 0 . 0qg
q=T+Y g—l,a—l
of of
f=qz g 9 94
of of Of

Want: e R
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Backpropagation: a simple example X -2

f(mayaz):(m_l_y)z yD@Q3

e.g.x=-2,y=5z=-4

_ 0 . 0qg
q=T+Y g—l,a—l
of of
f=qz g 9 94
of of Of

Want: e R
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Backpropagation: a simple example X -2

f(mayaz) e— ('T‘I_y)z
e.g.x=-2,y=5z=-4

_ 0 . 0qg
q=T+Y g—l,a—l
oF
of of 0z
f=qz g 9 94
of 0f of

Want: e R
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Backpropagation: a simple example X -2

f(mayaz) e— ('T‘I_y)z
e.g.x=-2,y=5z=-4

_ 0 . 0qg
q=T+Y g—l,a—l
oF
of of 0z
f=qz g 9 94
of 0f of

Want: e R
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Backpropagation: a simple example X -2

f(mayaz):(m_l_y)z yD@Q3

e.g.x=-2,y=5z=-4

_ 0 . 0qg
q=T+Y g—l,a—l
of of
f=qz g 9 94
of of Of

Want: e R
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4

_ dg . 0q
qg=T+Yy g—l,a—l
of of
f=qz g 9 94
of of Of

Want: 3331 ay, az
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4

- 9 . 0q
B of _ of _ Chain rule: Oy
f=gqz o ~ © 0~ 4 of _ 9f g
. 3f 3f 3f 3y B aq ay
Want;: o ! 3?} Y Oz upstgam L;cal

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4

- 9 . 0q
B of _ of _ Chain rule: Oy
f=gqz o ~ © 0~ 4 of _ 9f g
. 3f 3f 3f 3y B aq ay
Want;: o ! 3?} Y Oz upstgam L;cal

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4

- 0 . 0q
gr . ak
f=qz 3 29 4
ar of of :
Want;: o ! 3?} Y Oz upstgam L;cal

gradient gradient
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Backpropagation: a simple example

f(z,y,2) = (z +y)z
e.g.x=-2,y=5,z=-4

— g . Og _
- of _ , of _ Chain rule: Oz
e _&-Ss— of _ of o
~ Of of of 8x — 8q Ox
Want. Oz : ay, 0z Upstgam L;cal

gradient gradient
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OPTIONAL SECTION

More backpropagation examples and
code

Optional: a second worked example, gradient-flow patterns, and a flat implementation.

Stanford CS5231n, Lecture 4, printed slides 81-111.
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1

Another example: f(w,2) = - PR e
wo
o
"

w2

Stanford CS231n 10t Anniversary Lecture 4 - 81 April 10,2025



1

Another example: f(w,z) = W= e

w0 2.00

x0 -1.00

wl -3.00

©
®
€
®

x1 -2.00

w2 -3.0C
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1

Another example: f(w,z) = W= e

w0 2.00

x0 -1.00

wl -3.00

©
4
€
®

x1 -2.00

w2 -3.0C
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1

PR —(woxg+wix1+ws)

Another example: fw,z) =

wl -3.00

x1 -2.00

w2 -3.0C

f(z)=¢€" 5 % —¢° f(x) =% 35 g = —1/a?
Jalz) =0z B j_izﬂ' f(x)=c+z — g 1
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1

14e —(wozg+wy 1 +ws)

Another example: fw,z) =

x0 -1.00

w1 -3.00
x1 -2.00 0 @ 11.00 @ 0
w2 -3.00
T df " 1 2
flz)=e - == f(@) =~ 5 d_i__”""z
_ df - -
fo(z) = az — —=a f(z)=c+=z = o
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1

Another example: f(w,z) = W= e

vO 2.00
g Upstream  Local
gradient  gradient

x0 -1.00 ~a ¥

- (100)(; 5z) = —0.53

x1 -2.00 0 @ 11.00 @ 0

w2 300
fl@)=e* 5 Yoo | =2 5 U _
fo(z) = az — j—i:a f(z)=c+=z = g .

Stanford CS231n 10t Anniversary Lecture 4 - 86 April 10,2025



1

14e —(wozg+wy 1 +ws)

Another example: fw,z) =

wl -3.00

1.00 @ 00 exp

x1 -2.00

w2 -3.00

f(z)=¢€" 5 % —¢° f(x) =% - g = —1/a?
Jalz) =0z B j_i::ﬂ' f(x)=c+z — g 1
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1

Another example: f(w,z) = W= e

w0 2.00

Upstream Local

gradient  gradient
~a v

(—0.53)(1) = —0.53

x0 -1.00

wl -3.00

x1 -2.00 U

w2 -3.00
AR - % 5 fla) =~ - -y
Jalz) =0z B j_i::ﬂ' f(x)=c+z — g 1
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1

14e —(wozg+wy 1 +ws)

Another example: fw,z) =

w0 2.00
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1

Another example: f(w,z) = W= e

w0 2.00

Upstream Local

gradient  gradient
~a v

(—0.53)(e™1) = —0.20

x0 -1.00

wl -3.00

x1 -2.00 :]/ r:; @ 7
w2 -3.00
2 d-f I 1 df
ey ﬁ L — _ daf
flz)=e == f(z) - oy dm
d
fo(z) = az - d—iza f.(z)=c+z 5
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1

Another example: f(w,z) = W= e

w0 2.00

x0 -1.00

wl -3.00

x1 -2.00

w2 -3.00

f(z)=¢€" 5 % —¢° f(x) =% - g = —1/a?
Jalz) =0z B j_i::ﬂ' f(x)=c+z — g 1
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1

14e —(wozg+wy 1 +ws)

Another example: fw,z) =

w0 2.00

Upstream Local

gradient  gradient
“~a ¥

(—0.20)(—1) = 0.20

x0 -1.00

wl -3.00

x1 -2.00

w2 -3.00

f(z)=¢€" 5 % —¢° f(x) =% - g = —1/a?
Jalz) =0z B j_i::ﬂ' f(x)=c+z — g 1
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1

PR —(woxg+wix1+ws)

Another example: fw,z) =

w0 2.00
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1

Another example: f(w,z) = W= e

w0 2.00

[upstream gradient] x [local gradient]
[0.2] x[1] =0.2
[0.2] x[1] =0.2 (both inputs!)

x0 -1.00

wl -3.00

x1 -2.00

fa) = e = T | 1@-1 - 4 -z
fo(z) =az = j—i=ﬂ- f(x)=c+= - g:l
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1

PR —(woxg+wix1+ws)

Another example: fw,z) =

w0 2.00

x0 -1.00

wl -3.00

x1 -2.00

w2 -3.0C

f(z)=¢€" 5 % —¢° f(x) =% 35 g = —1/a?
Jalz) =0z B j_izﬂ' f(x)=c+z — g 1
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1

Another example: f(w,z) = W= e
wi) 200
020 200 [upstream gradient] x [local gradient]
X0 I.Jl.iluln - w0: [0.2] x[-1] =-0.2

x0:[0.2]x[2]=0.4

1.00 @ -1.00 F’é:\'. 0.37 f/:‘l__]‘\,l | 37 @ 473
020 N_/ 020 S5 w053 N/ w053 N_ 1w

=
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1

Another example: flw,z) = Computational graph
1 + e~ (woTotwizy+ws) representation may not be
unique. Choose one where
" i;mf” Sigmoid 1 local gradients at each
| functi o(x) = 5——=%| node can be easily
20 -1.00 unction 1 —|— e
expressed!

1.00 f’fi\ -1.00 ;’é:r;\ 0.37 (;__]‘\L 1.37 J/I?;\l 0.73
020 | N w020 OB sy N\ sz U w

0.20
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1

Another example: Hwz) = Computatio.nal graph
1 + e~ (woTotwizy+ws) representation may not be
unique. Choose one where
e Sigmoid 1 local gradients at each
function o(z) = 1te? node can be easily
x0 -1.00 expressed!
v Sigmoid
1.00 ‘/’;_h -1.00 @ 0 J./:]“\L 1.37 m 0.7
xl o2 | N/ w2 Y wosn \_/ w035 \_J| 1w
i i do(x e’ l1+e® -1 1
Sigmoid local (z) _ = ( - ) ( *I) _ (i —ela)ela)
gradient: dzx (1+e?) 1+e 1 o5

Stanford CS231n 10t Anniversary
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1

Another example: flw,z) = Computational graph
1 + e~ (woTotwizy+ws) representation may not be
unique. Choose one where
v i;”_'f” Sigmoid 1 local gradients at each
function o(z) = 1+ e | hodecanbeeasily
- expressed!
v Sigmoid
1.00 I’E'I'\L -1.00 Ir’é;r;\,l 0 J,/:'I__]“\-.L 1.37 M 073
xl 0.20 020 N5 w53 N/ 033 .00

[upstream gradient] x [local gradient]

[1.00] x [(1 - 1/(1+e ) (1/(1+et))] =0.2

—I

do(x)

€ l1+e* -1 1

Sigmoid local

l1+e*

- () (

gradient: dz (1+e~r)2

l1+e

T

) = (-o@)at

Stanford CS231n 10t Anniversary
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1

Another example: flw,z) = Computational graph
1 + e~ (woTotwizy+ws) representation may not be
unique. Choose one where
v i;”_'f” Sigmoid 1 local gradients at each
. function o(z) = 1+ e =| nodecanbeeasily
expressed!
v Sigmoid

1.00 ‘/’;_h -1.00 (r;;\ 0.37 J./:]“\L 1.37
o | N/ 020 "\j} 053 N/ 053

[upstream gradient] x [local gradient]
[1.00] x [(1-0.73) (0.73)] =0.2

Sigmoid local ~ do(z) e® :(1+e-f—1)( 1 )

gradient: dr (1+e7)? 14+e™™ 1+e®

= (1-o(z))o(z)
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Patterns in gradient flow

add gate: gradient distributor

3
2 O\
jpot=
2
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 O\ . 53=15 N ’
4 /@ 2 3 /@ 5
2 2*5=10
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 O\ . 53=15 N ’
4 /@ 2 3 /@ 5
2 2*5=10

copy gate: gradient adder
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Patterns in gradient flow

add gate: gradient distributor mul gate: “swap multiplier”
3 2
2 O\ . 53=15 N ’
4 /@ 2 3 /@ 5
2 2*5=10
copy gate: gradient adder max gate: gradient router
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Backprop Implementation:
“Flat” code

wil 200

.20

Stanford CS231n 10t Anniversary

Forward pass:
Compute output

Backward pass:
Compute grads

def f(wd, x0, wl, x1, w2):

s@ = wo
s1 = wl
s2 = s@
s3 = s2

*

*

x0
x1

+ 51

+ w2

L = sigmoid(s3)

grad_L * (1 - L) * L

grad_L = 1.0
grad_s3 =

grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s® = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl
grad_x1 = grad_sl
grad_w@ = grad_s@
grad_x@ = grad_s@

# X1
* wl
* X8

* W
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Backprop Implementation:
“Flat” code

wil 200

.20

Stanford CS231n 10t Anniversary

Forward pass:
Compute output

Base case

def f(wd, x0, wl, x1, w2):

s@ = wo
s1 = wl
s2 = s@
s3 = s2

*

*

x0
x1

+ 51

+ w2

L = sigmoid(s3)

grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3

grad_s® = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl % x1

grad_x1 = grad_sl * wl

grad_w@ = grad_s® * x@

grad_x@ = grad_s@ * wo@
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Backprop Implementation:
“Flat” code

wil 200

(LY
0,20

.20

Stanford CS231n 10t Anniversary

Forward pass:
Compute output

Sigmoid

def f(wd, x0, wl, x1, w2):

s@ = wo
s1 = wl
s2 = s@
53 = 52

*

*

x0
x1

+ sl

+ w2

[[-2 sigmoid(s3)

grad L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3

grad_s® = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl % x1

grad_x1 = grad_sl * wl

grad_w@ = grad_s® * x@

grad_x@ = grad_s@ * wo@
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Backprop Implementation:
“Flat” code

Forward pass:
Compute output

wil 200

Add gate

()

Stanford CS231n 10t Anniversary

def f(wd, x0, wl, x1, w2):

s@ = wd * x0

s1 = wl * x1

s2 = s@ + sl

§3 = 52 + w2

L = sigmoid(s3)

grad_L = 1.0

grad s3 = grad L * (1 - L) * L
grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s® = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl % x1
grad_x1 = grad_sl * wl
grad_w@ = grad_s® * x@
grad_x@ = grad_s@ * wo@
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Backprop Implementation:
“Flat” code

wil 200

0,20
2.0
x0 -1.00

(.40

wl =200

0,40
0.20 1.00
xl =200 + .20

.60
w2 =100

.20

Stanford CS231n 10t Anniversary

Forward pass:

Compute output

Add gate

def f(wd, x0, wl, x1, w2):

s@ = wd * x@
sl = wl * x1
s2 = s@ + sl
§3 = 52 + w2
L = sigmoid(s3)

grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3

grad_s2 = grad_s3

grad_s® = grad_s2

grad_sl = grad_s2

grad_wl = grad_sl * x1

grad_x1 = grad_sl * wl

grad_w@ = grad_s® * x@

grad_x@ = grad_s@ * wo@
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Backprop Implementation:
“Flat” code

Forward pass:
Compute output

wil 200

x0 -1.00

wl =200

.40
ELH]

0.20
xl =2.00

.60

w2 =100
.20

Multiply gate

Stanford CS231n 10t Anniversary

def f(wd, x0, wl, x1, w2):

s = wbd * x0

s1 = wl * x1

s2 = s@ + sl

§3 = 52 + w2

L = sigmoid(s3)

grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s® = grad_s2

grad s1 = grad s2
grad_wl = grad_sl % x1
grad_x1 = grad_sl * wl
grad_w@ = grad_s® * x@
grad_x@ = grad_s@ * wo@
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Backprop Implementation:
“Flat” code

Forward pass:
Compute output

wil 200

0,20
2.0

0.20
x0 -1.00

(.40

Multiply gate

Stanford CS231n 10t Anniversary

|sﬂ = Wl * xﬂl

s1 = wl * x1

s2 =

s@ + s1

53 = 52 + w2

def f(wd, x0, wl, x1, w2):

L = sigmoid(s3)

grad_L = 1.0

grad_s3 = grad_L * (1 - L) * L
grad_w2 = grad_s3
grad_s2 = grad_s3
grad_s® = grad_s2
grad_sl = grad_s2
grad_wl = grad_sl % x1
grad_x1 = grad_sl * wl
grad_w@ = grad_s® * x@
grad_x@ = grad_s@ * wo@
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SECTION

Chain rule, vectors, Jacobians, and the
backprop algorithm

Move from individual neurons to vector and matrix derivatives, then consolidate the
algorithm.

CMU 11-785, Lecture 5, slides 61-90 and 119-153.
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Calculus Refresher: Chain rule

For any nested function [ = f(y) where y = g(z)

dl  dldy

dz _ dydz




Computing derivatives

y(N-Z)
y(l)

Div(Y,d)

N) — 4 (N N
azi( ) azi( )6yl.( )

62



Computing derivatives

yN2) EE——
y(l) z(N-2) z(N-1) y(N'l) l
N-2 fru-1
z(N) y(N)
fy
fru—2 fru-1 Div(Y,d)
[ I I ] dlv ()
N2 fy-1 f
d
fr—2 fn—1
1 1

Already computed

(N) (N)\Q (V)
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Computing derivatives

y(N-Z)

y(l)

dDiv {8)@“%1’1)

(V) (V) A (N)
0z; 0z; jyl.
~~—

Div(Y,d)

Derivative of
activation function

64



Computing derivatives

y(N-Z)

y 2(N-2) z(N-1) y(N-1) l

Div(Y,d)

Derivative of
activation function

dDiv {8)@“%1’1)

(V) (V) A (N)
0z; 0z; jyl.
~~—

Computed in forward
pass
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Computing derivatives

y(N-Z)

Div(Y,d)




Computing derivatives

y(N-Z)

y(l)

Div(Y,d)

dDiv aZj(N) dDiv

(N) (N) 5 _(N)
awij awl.j azj




Computing derivatives

y(N-Z)

y(l)

Div(Y,d)

dDiv aZj(N) dDiv
awi(]{V) awi(j{V Z]_(N) Just computed
68



Computing derivatives

yiN-2) < ——
y(l)

Div(Y,d)

Because
N—1 -
apiv [ @ Z]_(N) Div yi( ) zj(N ) = Wi(]gv )yl.(N D 4 other terms

(N) N L (V)
awij awl. i /97
69



Computing derivatives

yiN-2) < ——
y(l)

Div(Y,d)

Because
N—1 -
apiv [ @ Z]_(N) Div yi( ) zj(N ) = Wi(]gv )yl.(N D 4 other terms
(V) (M) /., (N) \
Gwi i awl. i /97

Computed in forward pass 70




Computing derivatives

yiN-2) < ——
y(l)

Div(Y,d)




Computing derivatives

y(N-Z)

y(l)

Div(Y,d)




Calculus Refresher: Chain rule

For. [ = f(le Z3, '--;ZM)

where z; = g;(x)

al  dl dz N dl dz,
dx 0z, dx 0z, dx

73




Computing derivatives

Div(Y,d)




Computing derivatives

y(N-2) l
N-1

y(l)

Div(Y,d)

N (=5
dDiv Z aZj(N) dDiv >\ Vi

(N-1) N=1) = V) Already computed

i g ayi aZ-




Computing derivatives

y(N-2) l

Div(Y,d)

/\ i
D 6Z(N - Because
Div _ i 7 Wi(jN ) 2N = Wi(gv )yl.(N Y 4 other terms
~N-1) (N-1))5_(N J J
ayi 7 Qi Jazj
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Computing derivatives

Div(Y,d)




Computing derivatives

Div(Y,d)




Computing derivatives

Div(Y,d)




We continue our way backwards in the order shown

-1 Vi
awij

dDiv (N-2) dDiv

(N-1)
azj

For the bias term y;

(N=-2) _

Div(Y,d)
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We continue our way backwards in the order shown

dDiv

ayl

(N-2) —

Dow

J

(N-1) dDiv

Y azj(N_ 2

Div(Y,d)



dDiv f (
(vn—2) _ IN-2\4i
0z,

Div(Y,d)



Div(Y,d)




Div(Y,d)

We continue our way backwards in the order shown

dDiv _ ’(Z(l)) dDiv

(v~ /1% (1)
0z, ay;




Div(Y,d)

We continue our way backwards in the order shown aWi(jl) ooz




Gradients: Backward Computation

Z(k-1) I Yz I vk 0N I yN-D)
(N)
M s

‘A‘WA‘ (e N
® N ® 7v¢‘

Div(Y,d)
Div(Y,d)

i‘" ‘

N

Fork = N—1..0

Initialize: Gradient , ,
Fori = 1:layer width

w.r.t network output
. . p dDiv (k+1) dDiv dDiv , (k dDiv
dbiv. _ oDw(Y,d) 0 ZWU 2,00 | 5 00 = Jr (= )m
(V) 9y Yi j “ Z; Y

ady;

dDiv # ODiv
PYNCEED =i 5,0 D
i Zj

dDiv ,( (N)) dDiv
@ ~ Tk \% ™)
0z ay;

i

vj
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Backward Pass

Output layer (N) :

— Fori=1..Dy
. an(% = WD This is the derivative of the divergence]
dy; dyi

aDiv __ aDi ,, ( (N))
° = Z.
6zi(N) ayi(N) fN 4

. obiv _ (N-1) dDiv P
w7l 2z® 101) =0 Dyy
Jj ]
Forlayer k = N — 1 downto 1
— Fori=1..D;
. 9Div _y (k+1) @Div
6yi(k) — 4jWij 62§k+1)
aDiv  dDiv ,( (k))
® — = — Z.
aZi(k) 6yi(k) fk i
aDiv (k—1) 0Div .
« T — forj=0..D;_
ow® T 5® ol
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Backward Pass

Output layer (N) :

— Fori=1..Dy
opiv  Div(Y.d) Called "Backpropagation” because
™~ oy, the derivative of the loss is
L propagated “backwards” through
., 9Dbiv _ 9Div ., ( (N)
m = ay.(N) fN (Zi ) The neTwor'k
, Obiwv _ (N-1) dDiv .
ow®™ Vi azM forj=0..Dy-1
t ]

Forlayerk = N — 1 downto 1 Very analogous to the forward pass:

— Fori=1..D,
= 3, w+D) _Div « of next layer

dDiv
— =
ayi( )

dDiv
220

dDiv
aw®

i

_ oDi £l (Zi(k))

Backward weighted combination

ij 5 0D

J L Backward equivalent of activation

a7
(k—1) 0Div .

J
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aDiv(Y,d)

Using notation y = etc (overdot represents derivative of Div w.r.t variable)

dy
* Output layer (N) : Called "Backpropagation” because
— Fori=1..Dy the derivative of the loss is

. propagated "backwards” through

e M = ayw the network

. Z'i(N) — yi(N)fI\’I (Zi(N))

aDi “1), ,
. —avf(.l’;’)) = ].(N 1)Zi(N)fOI’j =0..Dy_4
ji

 Forlayerk = N —1downto 1 Very analogous to the forward pass:

— Fori=1..Dg ’ o
00 g, (D) e Backward weighted combination

* Y iVij % of next layer
o B _ () g (L (K) . . .
zi =y fk (Zi ) <« Backward equivalent of activation

. ODbiv _ (k-1)

. (k .
S = Yj Zl-( )for] =0..D,_4
ji
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For comparison: the forward pass

again
Input: D dimensional vectorx = [x;, j =1..D]

Set:

— Dy = D, is the width of the 0% (input) layer

0 , k=1..N
—y]-()=xj,]=1...D; yg )=x0=1

Forlayerk =1..N
— Forj=1..D

(k) _ yNk , (k) (k-1)
* Z =N Wy Y

0= ()

Output:

N) .
~Y =y, j=1.Dy

90



Backward Pass: Recap

e Qutput layer (N) :

— Fori=1..Dy
dDiv _ dDiv(Y,d)
ayi(N) y;
, . (N) , v
doDiv aDiv 9y; aDiv 9Y; -
L R ZjWW (vector activation)
ay]. azi

azi(N) B ayi(N) azi(N)

obiv _ (N-1) dDiv forj = 0..D,

aw](.’i") N yj 6Zi(N)
These may be subgradients
* Forlayerk =N —1downto 1 4 9
— Fori=1..D
. 0Div _ (k+1) 0Div
ayi(k) = Zj Wij 821(.’”1)
, , (k) . (k)
aDiv _ dDiv 0Yy; aDiv 9Y; A
. = OR ———=—= (vector activation
22 ~ 9y 5,0 2) 5y 5 | )
aDiv _  (k-1) dDiv .
Z.
119
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Overall Approach

For each data instance

— Forward pass: Pass instance forward through the net. Store all
intermediate outputs of all computation.

— Backward pass: Sweep backward through the net, iteratively compute
all derivatives w.r.t weights

Actual loss is the sum of the divergence over all training instances

Loss = {X}lz:Dw(Y(X) d(X))

Actual gradient is the sum or average of the derivatives computed
for each training instance

VwLoss = z VwDiv(Y(X),d(X)) W < W —nV,,LossT

[{X}



Training by BackProp

* Initialize weights w & for all layersk = 1..K
* Do: (Gradient descent iterations)

dLo
— Initialize Loss = 0; Forall i, j, k, |n|t|aI|ze (k) =0
]

— Forallt = 1:T (lterate over training instances)

* Forward pass: Compute
— Output Y,
— Loss += Div(Y,, d;)
* Backward pass: For all i, j, k:

dDiv(Yyd
— Compute ((,ﬁ) 2
L]
dLoss | lev(Yt dy)
® =T ®
awi; Wi

— Forall i, j, k, update:

(k) _ (k) n dLoss

W, =w, —————
i,j ij 07 (%)
dw;;

e Until Loss has converged 121



Vector formulation

* For layered networks it is generally simpler to
think of the process in terms of vector
operations

— Simpler arithmetic
— Fast matrix libraries make operations much faster

* We can restate the entire process in vector
terms
— This is what is actually used in any real system



Vector formulation

o1 [ e
(k) (k)
ZZ yk — yZ
() ()
ZDk Y Dy
(k) 7 [, (k)7
Wpi_41 by
(k) (k)
WDi_12 b, = b2_
) (%)
WDy 1Dy ‘bD" -

* Arrange the inputs to neurons of the kth layer as a vector z,
* Arrange the outputs of neurons in the kth layer as a vector yy

* Arrange the weights to any layer as a matrix W,
— Similarly with biases 123




Vector formulation

e 7
(k) (k)
ZZ yk — yZ
) (k)
| Zp,, | VD, |
(k) (k)T
Wpi_41 bi )
(k) (k)
WDk—12 bk = b2
O (k)
WDk_le_ _ka i

The computation of a single layer is easily expressed in matrix

notation as (setting yo = X):

Z = Wiyk—1 + by

Vi = fr(Zx)

124



The forward pass: Evaluating the
network



The forward pass

z; = Wy, + by



The forward pass

y1 = f1(z)
The Complete computation
y1 = f1(Wix+b,) .



The forward pass

y1 = fi(Wix +



The forward pass

The Complete computation

y2 = f2(Wf1(W;x + by) + by)



The forward pass

The Complete computation
zy = Wyfno1 (G fo(Wo f(Wix +by) +by) ) + by



The forward pass

The Complete computation
Y = fy(Wyfy_1(o 2 (W2 f1(Wix + by) + by)..) + by)



Forward pass

Forward pass:
Initialize

Fork=1to N:

Output

Yo =X

— Div

Zr = Wi¥i—1 + by

Vi = fr(Zx)

Y=yn

132




The Forward Pass

* Setyy, =X

* |terate through layers:

— For layer k =1 to N:
Z = Wi¥i—1 + by
Vi = fr(Zx)
* Qutput:
Y=yy



The Backward Pass

* Have completed the forward pass

» Before presenting the backward pass, some
more calculus...

— Vector calculus this time



Vector Calculus Notes 1: Definitions

A derivative is a multiplicative factor that multiplies a
perturbation in the input to compute the corresponding
perturbation of the output

For a scalar function of a vector argument
y = f(2)
Ay = V,y Az
If zisan R X 1 vector,V,yisal X R vector
— The shape of the derivative is the transpose of the shape of z

V,y Tis called the gradient of y w.r.t z

7z V,y .y (influence diagram)

135




Vector Calculus Notes 1: Definitions

* For a vector function of a vector argument

y = f(2z)
[ V1] (Z1 ]
2 =7
VM | |ZD |
Ay = V,y Az

* Ifzisan R X 1vector,andyisanL X1 V,yisanL XR
matrix

— Or the dimensions won’t match
» V,y is called the Jacobian of y w.r.t z

2 V.Y 5




Calculus Notes: The Jacobian

The derivative of a vector function w.r.t. vector input is called
a Jacobian

It is the matrix of partial derivatives given below

[ V1] [Z1] 0y;  0yq %
y; = f Z.Z dz; 02z, d0zp
: : dy, 0y, a0y,
Tl D @ =3z, az, " az
Using vector notation - i
y=f(@ m ym - OVu
| 0z; 02z, 0zp |

Check: | Ay = J,(z)Az

137



Jacobians can describe the derivatives
of neural activations w.r.t their input

Z "y vi = f(z)

* f'(z)) 0 - 0
L pw=| ) SE 0

| 0 0 - f'(zm)

* For scalar activations (shorthand notation):

— Jacobian is a diagonal matrix
— Diagonal entries are individual derivatives of outputs w.r.t inputs

138



For Vector activations

g

Il

2, e,

3 e,

—

]y(z) =

o
.
.
o
.

e Jacobian is a full matrix

[0y,

Yy,

6Z1 aZZ
dy, 0y,
azl 522

dyy Oym

| 074

aZZ

dy,
aZD

dy;
aZD

%Y

aZD_

— Entries are partial derivatives of individual outputs

w.r.t individual inputs
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Special case: Affine functions

Zz=Wy+b

Y

vyZ =J;,(y) =W
Vpz = J,(b) =1

* Matrix W and bias b operating on vector y to
produce vector z

* The Jacobian of Zz w.r.t y is simply the matrix W

140



Vector Calculus Notes 2: Chain rule

* For nested functions we have the following
chain rule

y =y(z(x))

V.y

Vyy =V, yV,z
This holds regardless of whether y is scalar or vector

Note the order: The derivative of the outer function comes first 141



Vector Calculus Notes 2: Chain rule

* For nested functions we have the following

chain rule
y=y(zx)| mEp V.y=V,yV,z
x V,z e V,y s
Check Ay = szAz
Az =V, zAx

Ay =V,yV,z Ax

Note the order: The derivative of the outer function comes first

142



Vector Calculus Notes 2: Chain rule

e Chain rule for Jacobians:
* For vector functions of vector inputs:

y=y(zx)| mmp J,& =2,

Check Ay :]y(z)Az

Az = J,(x)Ax

Ay = ]y(Z)]z(x)AX — ]y(x)AX

Note the order: The derivative of the outer function comes first 143



Vector Calculus Notes 2: Chain rule

e Combining Ja

cobians and Gradients

* For scalar functions of vector inputs (z() is vector):

D = D(y(z))

) V.D =V,(D),(2)

Check | Ap = 7,(D)Ay

Ay =], (z)Az

AD =V, (D)],(z)Az = V,DAz

Note the order: The derivative of the outer function comes first



Extended Chain rule

x vle vzlyl‘ Vylzz sz}’Z Vy,D

Y2
> Zl 1 > 2 :yz

How do we compute the derivative of D w.r.t. x, z,, y,, Z, and y,, from the
local derivatives shown on the edges?

145



Extended Chain rule

vV, D
Z Y1 ) @ L’@D



Extended Chain rule

V,.D

x z, Y1 B22isyy =25 D)

V,,D =V, DV, y,

Note the order: The derivative of the outer function comes first 147



Extended Chain rule

V21 Vlyl VZZ Vy2 V,.D
Xz, Sy @)y, 22D

Vv, D=V, DV, z,

Note the order: The derivative of the outer function comes first 148



Extended Chain rule

V,z \Y Vy,.z V Vy.D
X s ool | @ zlyl:@ Y1 2:Z2 zz)’z ﬁ)’zL@

V,.D

Y1

@ vzlyl @

V,.D=V, DV, y

>D,

Note the order: The derivative of the outer function comes first 149



Extended Chain rule

: V,2z, @

V.D =V, DV,z,

Note the order: The derivative of the outer function comes first 150



Extended Chain rule

x szl ‘ vzlyl‘ Vylzz szJ’Z Vy,D

Y2
Z, 1 > Zy >Y2

V,,D =V, DV, y,

V,,D =V, DV, z,

V., D=V, DV, y,

V.D =V, DV,z,

Note the order: The derivative of the outer function comes first 151



Vector Calculus Notes 2: Chain rule

* For nested functions we have the following
chain rule

D=D|yy (ZN (y e (Z’H (-7 (=) )))>

ViD = Vy DV, YnVyy ZnVay  YN-1 - Vz,Y1VxZ1

Note the order: The derivative of the outer function comes first
152



Vector Calculus Notes 2: Chain rule

* For nested functions we have the following
chain rule

ol

VXD — VYNDVZNyNVyN—lZNVZN—1yN_1 ...Vzlylvle

Note the order: The derivative of the outer function comes first
153



SECTION

Mini-batches

Connect the full-data gradient to the minibatch estimate used in practice.

MIT 6.5191, Lecture 1, slides 83-91.

COMP 322



Neural Networks in Practice:
Mini-batches



Gradient Descent

Algorithm
| Initialize weights randomly ~N (0, o2)

2. Loop until convergence:

; aJj(w
3. Compute gradient, A
ow
' aJj(w
4. Update weights W « W — 7 ja(w) e
5. Return weights e
Illil- F::?EEE:E’M & immoczg:mgﬂm D’;'ep@tl;ﬁ?{n_fg?;pmaming M



Gradient Descent

Algorithm
| Initialize weights randomly ~N (0, o2)

2. Loop until convergence:

3. Compute gradient, a’;(:) :
4. Update weights W « W — 1 ! a(::) e
5. Return weights R R B

Can be very
computationally
intensive to compute!

| = Massachusetls MIT Introduction to Deep Learning |
II' I I ;:::::‘I';:; & introtodeeplearningcom W @MITDeeplearming M



Stochastic Gradient Descent

Algorithm
| Initialize weights randomly ~N (0, o2)

2. Loop until convergence:

3. Pick single data point i

ai(W)
aw i) ~—

>. Update weights, W « W — 1 & (W) e o

4. Compute gradient, ——

6. Return weights

I l l i I- ;M“:sslla:d'nuseus MIT Introduction to Deep Learning

& introtodeeplearning.com W @MiTDeeplearmning 1/5126



Stochastic Gradient Descent

Algorithm
| Initialize weights randomly ~N (0, o2)

2. Loop until convergence:

3. Pick single data point i

i oJi(W
4. Compute gradient, LLo
ow g iy
> Update weights, W « W — 7 ja(w) e
6. Return weights
Easy to compute but
very noisy (stochastic)!
Illil- F:ﬁﬁg}ieu & immoczg:mgimm D;ep@m?;pmaming M



Stochastic Gradient Descent

Algorithm
| Initialize weights randomly ~N (0, o2)

2. Loop until convergence:

3. Pick batch of B data points

4. Compute grad|ent = —Zk i a”k(w)

2. Update weights, W « W — 7 al (W) e~ Bl

6. Return weights

I N Massachuseils MIT Introduction to Deep Leaming
|

& introtodeeplearning.com W @MiTDeeplearmning 1/5126



Stochastic Gradient Descent

Algorithm
| Initialize weights randomly ~N (0, o2)

2. Loop until convergence:

3. Pick batch of B data points

4. Compute gradient, ]( = _ZR la]"(w) )
2. Update weights, W « W — g aja(l.l:) e e

6. Return weights

Fast to compute and a much better
estimate of the true gradient!

I N Massachuseils MIT Introduction to Deep Leaming
|

& introtodeeplearning.com W @MiTDeeplearmning 1/5126



Mini-batches while training

More accurate estimation of gradient
Smoother convergence
Allows for larger learning rates

I I Il N Massachuseils MIT Introduction to Deep Leaming

I I ;2::.'11‘.'2.:; & introtodeeplearningcom W @MITDeeplearming 1/5/26



Mini-batches while training

Mini-batches lead to fast training!
Can parallelize computation + achieve significant speed increases on GPU's

I I Il N Massachuseils MIT Introduction to Deep Leaming

I I ;2::.'11‘.'2.:; & introtodeeplearningcom W @MITDeeplearming 1/5/26
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