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Common Transformations

Original

Transformed

Perspective

Slide credit (next few slides): A. Efros and/or S. Seitz



Cameras are Projective Transformation Machines

Projective Transformation

3D world 2D image
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= 23]
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Point of observation

Figures © Stephen E. Palmer, 2002



Design a Pinhole Camera

ldea 2: Add a barrier to block most rays

* Pinhole in barrier

* Only sense light from one direction.
* Reduces blurring.

* In most cameras, this aperture can vary in size.

sensor

§




Fundamental Equations of Computer Vision

|. Image Filtering h[m’”]:%:f[kJ]][mek»””]

2. Camera Geometry X = K[R t]X xTFx'
k o

3. Machine Learning aI‘gSIIliIlSt Sj HX — M ||2 y= W{Z’lﬂii‘i +b) = W{WT:'{ + b)
i=1 xe8; i=1

4. Optical Flow I(z,y,t) = I(x + Az,y + Ay, t + At)



Camera (Projection) Matrix

x: Image Coordinates: (u,v,l)
X = K[R t] X K: Intrinsic Matrix (3x3)
\ ] R: Rotation (3x3)

| t: Translation (3xI)
Extrinsic Matrix X: World Coordinates: (X,Y,Z,1)



Camera Matrix

X _ '
/ x: Image Coordinates: (u,v, )

K: Intrinsic Matrix (3x3)

R: Rotation (3x3)

t: Translation (3x1)

X: World Coordinates: (X,Y,Z,1)

U fx S Ug|[T11 T2 Tz Iy y
wlv|=|[0 f, vo||T21 T2z T2z Uy g
1 0 0 1]Ms1 T2 T3z lzll4



Simulate a Camera

x=K/R t| X

~ T

Unknown



Camera Calibration

x=K/R t| X

~ T~

Unknown

KIR t]
e ~

Extrinsics Calibration
| Pose Estimation

Calibration



3D Reconstruction |

x=K/R t| X

~ T~

Unknown



3D Reconstruction |l

x=K/R t| X

~ T~

Unknown Unknown



Back to Camera Calibration

x=K/R t| X

~ T

Unknown

KIR t]
e ~

Extrinsics Calibration
| Pose Estimation

Calibration



Camera Calibration / Resectioning

x=K[R t]X
X = MX

X

wu X ok ok %k-
)= Y

wrl=1%x x x %
Z

w * %k k%
1

Linear least-squares regression!

James Hays



Linear Regression: Fitting a line

- 1 1 1 1 1 1 1 1
-14 -12 -110 - -6 -4 -2 0 2



Linear Regression: Fitting a line

=mx+b
Data: (K1, 1). r (e ) Y
Line equation: y; = mx; + b &
Find (m, b) to minimize E = Z()’i — mx; — b)?
i=1
n 5 x; 1 V1|1
e=S (e g0 =[5 |m-[| < vap - v
i=1 Xp 1 Yn
=y'y —2(Ap)"y + (Ap)" (Ap)
JE Python:
ap =2ATAp — 2ATy =0 p, residual = p.linalg.lstsq(A,y)

ATAp =ATy = p=(ATA)"*ATy  (Closed form solution)

S. Lazebnik



Example: Solving for Translation

B A t Given matched points in
sl = al 1|t {A} and {B}, estimate the
Yi Yi Y

translation of the object



Example: Solving for Translation

o) =Bl L]

Ve — Vi

Least
squares
setup



Example: Solving for Rotation | Translation | Scale

Given matched points in
{A} and {B}, estimate the
translation of the object




Camera Calibration

x=K/R t| X

~ T

Known Unknown Known
KIR t]
Intrinsi{ \

Extrinsics Calibration
| Pose Estimation

Calibration
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World vs Image Coordinates

James Hays
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Calibrating the Camera

Use a scene with known geometry

* Correspond image points to 3D points
* Get least squares solution (or non-linear solution)

Known 2D image Known 3D world
locations (px) locations (m)
4 )

Sv Mpy1 Mypy Mp3z Mpy
S Mmszq; M3y M3z M3y

L

Unknown Camera Parameters

su mi1 My Mq3 Myy );
|- z
1.




Known 2D Known 3D

image coords world locations
880 214 g 312.747 309.140 30.086
43 203 305.796 311.649 30.356
270 197 307.694 312.358 30.418
886 347 310.149 307.186 29.298
745 302 311937 310.105 29.216
943 |28 311.202 307.572 30.682
476 590 307.106 306.876 28.660
419 214 309.317 312.490 30.230
317 335 307.435 310.151 29.318
783 521 308.253 306.300 28.881
235 427 306.650 309.301 28.905
665 429 308.069 306.831 29.189
655 362 309.671 308.834 29.029
427 333 308.255 309.955 29.267
412 415 307.546 308.613 28.963
746 35| ‘ 311.036 309.206 28.913

. 434 415 4 307.518 308.175 29.069

525 234 309.950 311.262 29.990
716 308 .-!i" 312.160 310.772 29.080
602 187 311.988 312.709 30.514

James Hays



Least Squares Objective

Given 3D point evidence, find best M which minimizes error
between estimate (p’) and known corresponding 2D points (p).

X
Error between Y
M estimate 7
and known
projection point
Camera
p' under M center -,
u
p= [ ] f f
v u=—X x— v=-Y x—
7 YA

p = distance from image center



Least Squares Objective

* Best M occurs when p' = p, orwhenp'—p =0
* Form these equations from all point evidence
* Solve for model via closed-form regression

X
Error between — P=1Y
M estimate 7
and known
projection poinf\ | || = ==|-L - —|gF -===—= ==
Camera
p' under M center -,
u
p= [ ] f f
v u = —X k — v = —Y k —
Z Z

p = distance from image center



Su

Known 2d
. . SV
Image locations <

First, work out
where X,Y,Z
projects to under
candidate M.

Two equations
per 3D point
correspondence

Unknown Camera Parameters

4

Mq11 My Mq3 Mgy
Myq1 Moy My3z Moy
M3 M3 M33 Mgy,

James Hays

Su = m11X + m12Y + m13Z + m14
SV = m21X + mzzy + ngz + m24_

S = m31X + m32Y + m33Z + M3y

_ my X +mypY +myzZ +myy

B Mz X + m3,Y + my3Z +magy

_ m21X + m22Y + m23Z + Moyy

B m31X + m32Y + m33Z + M3y

Known 3d world
locations




Unknown Camera Parameters

[l -

] X

su myq1 My My3 Myy
Known 2d Y

. . SU| = |My1 My My3 1Moy
Image locations YA
S M3 M3 M33 Mgy, 1

Next, rearrange into form
where all M coefficients are
individually stated in terms

_ my X +mppY +my3Z +myy
B M3 X + M3,Y + M33Z + Mgy

of X,Y,Z,u,v.
-> Allows us to form Istsq = My X + MypY +My3Z +myy
matrix. ms X + m3,Y + ms3Z +mgy

(mng + m32Y ~+ m33Z + m34)u = m11X + m12Y + m13Z + M4

(M3 X + m3,Y + m33Z + myy)v =my X + my,Y + mysZ +my,

myiuX + maouY + myzuZ + myu = my X + mqy,Y + my3Z +myy

m31UX + mgsz + m33vZ + M34V = m21X + mzzy + ngz + Moy

James Hays

Known 3d world
locations



Unknown Camera Parameters

[l -

X
Su (Mq11 My My3 My
Known 2d m Y| Known 3d world
. . SU| = |My1 My Mpy3 24 .
Image locations YA locations
S M3 M3 M33 Mgy, 1

Next, rearrange into form
where all M coefficients are
individually stated in terms
of X,Y,Z,u,v.

-> Allows us to form Istsq

matrix.
msiuX + myouY + myzuZ + myuu = my X + my,Y + my3Z + myy

Mm31VX + M3, VY + M33vZ + M3y = My X + myY + mysZ +myy

0 =my X + my,Y + mi3Z + myy, — myquX — my,uY — myzuZ — myuu

0 — m21X + m22Y + m23Z + m24 - m31UX - mgsz - m33UZ - m34v

James Hays



Known 2d
Image locations

MR

Unknown Camera Parameters

4

(MmMi1 My My3
myq1 Moy My3
|M3q1 M3y Mg33

Finally, solve for m’s entries using linear least squares

Method | — Ax=Db form
_Xl Yl Zl 1 0 O O 0 _ule
0 0 0 0 Xl Yl Zl 1 _U1X1
X, Y, Z, 1 0 0 0 0 -u,X,
0o 0 0 0 X, Y, Z, 1 —-v,X,
A

—Up Yn
—Un Yn

—UuU Yy
-1

—UyZ4 ]
—Vv1Z4

_unZn
—Vp L,

—_—— X

14

Mos Y| Known 3d world
7 locations

M34. 1

Python Numpy:

M, residual = np.linalg.lstsq(A,b)
M = np.append(M,1)

M = np.reshape(M, (3,4))

where camera matrix M is Xx.

Note: Must reshape M dfterwards!



Known 2d
Image locations

MR

Unknown Camera Parameters

4

(MmMi1 My My3
myq1 Moy My3
|M3q1 M3y Mg33

Or, solve for m’s entries using total linear least-squares

Method 2 — Ax=0 form

Find non-trivial solution (not A=0)

_uan _unYn

—U X4
—11X;

—uY;
-1

—uiZ; U
—1v1Z; —Vg

_unzn —Up

_ann _vnyn _Vnzn —Un

James Hays

locations

X
Y| Known 3d world
Z
1

Python Numpy:
U, S, Vh = np.linalg.svd(a)

#V = Vh.T
M = Vh[_l.’:]
M = np.reshape(M, (3,4))

James Hays
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Known 2D image coords Known 3D world locations

312.747 309.140 30.086 (XL, Y1,Z1)
305.796 311.649 30.356
307.694 312.358 30.418
310.149 307.186 29.298
311.937 310.105 29.216
311.202 307.572 30.682
307.106 306.876 28.660
309.317 312.490 30.230
307.435310.151 29.318

|5t point

Projection error defined by two equations — one for u and one for v 117

312.747 309.140 30.086 1 0 0 0 0 —880x312.747 —880x309.140 —880x30.086 —8807 0
0 0 0 0 312.747 309.140 30.086 1 —214x312.747 —-214x309.140 -214x30.086 -—-214 0

Xn Y, Zy 1 0 0 0 0 —unX, —u,Y, —UpZy —Up 0
0 0 0 0 Xn Y, Zn 1 —vp,Xn -, Y, —VUnZn —v, | 0




312.747 309.140 30.086

0 0 0
305.796 311.649 30.356
0 0 0
X, Y, Z,

0 0 0

Known 2D image coords

2" point

Projection error defined by two equations — one for u and one for v

886 347
745 302
943 128
476 590
419 214
317.335

0

0

0

0

0
o

0

312.747 309.140 30.086

0

305.796 311.649 30.356

0
Zn

= o = O

= O

Known 3D world locations

Vi

09 |40 4
305.796 311.649 30.356 ( (e
— 07.697 830418 W

—880x312.747
—214%x312.747
—43%x305.796
—203%305.796

_uan
_ann

310.149 307.186 29.298
311.937 310.105 29.216
311.202 307.572 30.682
307.106 306.876 28.660
309.317 312.490 30.230
307.435 310.151 29.318

b S N N ——

RS
mi;
—880x%x309.140 —880x30.086 —8801 zn
—214%309.140 —-214x30.086 —-214 m14 0
—43x311.649  —43x30356 —43 || 2 o
—203%x311.649 —43%x30.356 —203 22| = :
mj3
m 0
24
-u,Y, —UnZy —Uy May 0
e —VnZn —Un M3,
ms3
_m34




How many points needed to fit the model?

x=K[R t] X
Degrees of freedom? l
) 6 —
uyp [a@ S UM Tz T3 | U]
w [U] =10 B vo||T21 T2 T2z -1y
1 0 0 1 31 T3, T3 | t,.

—

\ J
|
Think 3:
- Rotation around x
- Rotation around y
- Rotation around z

=N




How many points needed to fit the model?
x=K[R t]|X

Degrees of freedom? l
S 6 - -
_ - | X
u a S UpgllT"11 T12 113 tx y
w [U] =10 B vo||T21 T2z T3 Uy g
1 0 0 1 31 T3, T3 U, 1
M is 3x4, so |12 unknowns, but projective scale ambiguity — || deg. freedom.

One equation per unknown -> 5 |/2 point correspondences determines a solution (e.g.,
either u or v).

More than 5 1/2 point correspondences -> overdetermined, many solutions to M.
Least squares is finding the solution that best satisfies the overdetermined system.

Why use more than 6 points? Robustness to error in feature points.



Can we factorize M backto K[R | T]?

* Yes! We can directly solve for the individual entries of K [R | T].
* See next three hidden slides

James Hays



Factorize M backto K[R | T]

* We can also use RQ factorization (not QR)

* Rin RQ is not rotation matrix R; crossed names!

R (upper triangular or ‘Right’ triangular) is K
Q (orthogonal basis) is R

T, the last column of [R | T], is inv(K) * last column of M.

* But you need to do a bit of post-processing to make sure that the
matrices are valid. See http://ksimek.github.io/2012/08/14/decompose/



http://ksimek.github.io/2012/08/14/decompose/

Recovering the camera center
KIR t] X

l ¢ center C.

It is —RC, as the point
is rotated before t,, t,,
and t, are added

S
—S R
|l
O O K

O W\

_Wu_
wv

X =

Ug |

Vo

1.

This is not the camera

21 To2 T3 [ILy

] X
1 Tiz T3 |ty ?
Z
1

So we need
31 132 133 L7 1] -R'K'm,togetC.
l My Thisistx K
% * % % x So K_1 My is t
- N | E Y
N | Z Qis Kx R.
1 So we just need -Q' m,

James Hays



Great! So now | have K and Rt

Marker-based augmented reality.

- Define marker with known real-world geometry

- Find points on markerin image

- Estimate camera pose from corresponding 2D/3D points
- Render graphics from virtual camera with same pose

Marker-based augmented reality Markerless augmehted reality - unknown scene geometry
“Holoportation”, Microsoft Research
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Image Credit: Pixar
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   x T F  x ′ = 0


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  w  [     u   v   1 ] =  [      f x  s   u 0   0   f y   v 0   0  0  1 ]  [      r  11   r  12   r  13   t x    r  21   r  22   r  23   t y    r  31   r  32   r  33   t z ]  [     x   y   z   1 ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  𝐊  [     𝐑  𝐭 ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  𝐊  [     𝐑  𝐭 ]


  𝐱 = 𝐌 𝐗


   [     w u   w v   w ] =  [     ∗  ∗  ∗  ∗   ∗  ∗  ∗  ∗   ∗  ∗  ∗  ∗ ]  [     X   Y   Z   1 ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


    d E  d p = 2  𝐀 T 𝐀 𝐩 − 2  𝐀 T 𝐲 = 0


  E =  ∑  i = 1 n     (   [      x i  1 ]  [     m   b ] −  y i ) 2 =    ‖   [      x 1  1   ⋮  ⋮    x n  1 ]  [     m   b ] −  [      y 1   ⋮    y n ] ‖ 2


   𝐀 T 𝐀 𝐩 =  𝐀 T 𝐲 ⇒ 𝐩 =    (   𝐀 T 𝐀 )  − 1  𝐀 T 𝐲


  =  𝐲 T 𝐲 − 2 ( 𝐀 𝐩  ) T 𝐲 + ( 𝐀 𝐩  ) T ( 𝐀 𝐩 )


  =    ‖  𝐀 𝐩 − 𝐲 ‖ 2


  E =  ∑  i = 1 n  (  y i − m  x i − b  ) 2


   [      x i B    y i B ] =  [      x i A    y i A ] +  [      t x    t y ]


   [     1  0   0  1   ⋮  ⋮   1  0   0  1 ]  [      t x    t y ] =  [      x 1 B −  x 1 A    y 1 B −  y 1 A   ⋮    x n B −  x n A    y n B −  y n A ]


   [      x i B    y i B ] =  [      x i A    y i A ] +  [      t x    t y ]


   [      x i B    y i B ] = 𝐓  [      x i A    y i A ] +  [      t x    t y ]


  𝚻 =  [     a  b   c  d ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  𝐊  [     𝐑  𝐭 ]
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  𝐏 =  [     X   Y   Z ]


  𝐩 =  [     u   v ]


  u = − X ∗  f Z
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  s u =  m  11 X +  m  12 Y +  m  13 Z +  m  14


  s v =  m  21 X +  m  22 Y +  m  23 Z +  m  24


  s =  m  31 X +  m  32 Y +  m  33 Z +  m  34


  u =    m  11 X +  m  12 Y +  m  13 Z +  m  14   m  31 X +  m  32 Y +  m  33 Z +  m  34
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  v =    m  21 X +  m  22 Y +  m  23 Z +  m  24   m  31 X +  m  32 Y +  m  33 Z +  m  34


  (  m  31 X +  m  32 Y +  m  33 Z +  m  34 ) u =  m  11 X +  m  12 Y +  m  13 Z +  m  14


  (  m  31 X +  m  32 Y +  m  33 Z +  m  34 ) v =  m  21 X +  m  22 Y +  m  23 Z +  m  24


   m  31 u X +  m  32 u Y +  m  33 u Z +  m  34 u =  m  11 X +  m  12 Y +  m  13 Z +  m  14


   m  31 v X +  m  32 v Y +  m  33 v Z +  m  34 v =  m  21 X +  m  22 Y +  m  23 Z +  m  24


   [     s u   s v   s ] =  [      m  11   m  12   m  13   m  14    m  21   m  22   m  23   m  24    m  31   m  32   m  33   m  34 ]  [     X   Y   Z   1 ]


   m  31 u X +  m  32 u Y +  m  33 u Z +  m  34 u =  m  11 X +  m  12 Y +  m  13 Z +  m  14


   m  31 v X +  m  32 v Y +  m  33 v Z +  m  34 v =  m  21 X +  m  22 Y +  m  23 Z +  m  24


  0 =  m  11 X +  m  12 Y +  m  13 Z +  m  14 −  m  31 u X −  m  32 u Y −  m  33 u Z −  m  34 u


  0 =  m  21 X +  m  22 Y +  m  23 Z +  m  24 −  m  31 v X −  m  32 v Y −  m  33 v Z −  m  34 v


   [     s u   s v   s ] =  [      m  11   m  12   m  13   m  14    m  21   m  22   m  23   m  24    m  31   m  32   m  33   m  34 ]  [     X   Y   Z   1 ]


   [      X 1   Y 1   Z 1  1  0  0  0  0  −  u 1  X 1  −  u 1  Y 1  −  u 1  Z 1   0  0  0  0   X 1   Y 1   Z 1  1  −  v 1  X 1  −  v 1  Y 1  −  v 1  Z 1         ⋮        X n   Y n   Z n  1  0  0  0  0  −  u n  X n  −  u n  Y n  −  u n  Z n   0  0  0  0   X n   Y n   Z n  1  −  v n  X n  −  v n  Y n  −  v n  Z n ]  [      m  11    m  12    m  13    m  14    m  21    m  22    m  23    m  24    m  31    m  32    m  33 ] =  m  34  [      u 1    v 1   ⋮    u n    v n ]


   [     s u   s v   s ] =  [      m  11   m  12   m  13   m  14    m  21   m  22   m  23   m  24    m  31   m  32   m  33   m  34 ]  [     X   Y   Z   1 ]


   [      X 1   Y 1   Z 1  1  0  0  0  0  −  u 1  X 1  −  u 1  Y 1  −  u 1  Z 1  −  u 1   0  0  0  0   X 1   Y 1   Z 1  1  −  v 1  X 1  −  v 1  Y 1  −  v 1  Z 1  −  v 1         ⋮         X n   Y n   Z n  1  0  0  0  0  −  u n  X n  −  u n  Y n  −  u n  Z n  −  u n   0  0  0  0   X n   Y n   Z n  1  −  v n  X n  −  v n  Y n  −  v n  Z n  −  v n ]  [      m  11    m  12    m  13    m  14    m  21    m  22    m  23    m  24    m  31    m  32    m  33    m  34 ] =  [     0   0   ⋮   0   0 ]


  ( u 1 , v 1 )


  ( X 1 , Y 1 , Z 1 )


   [     312 . 747  309 . 140  30 . 086  1  0  0  0  0  − 880 × 312 . 747  − 880 × 309 . 140  − 880 × 30 . 086  − 880   0  0  0  0  312 . 747  309 . 140  30 . 086  1  − 214 × 312 . 747  − 214 × 309 . 140  − 214 × 30 . 086  − 214         ⋮         X n   Y n   Z n  1  0  0  0  0  −  u n  X n  −  u n  Y n  −  u n  Z n  −  u n   0  0  0  0   X n   Y n   Z n  1  −  v n  X n  −  v n  Y n  −  v n  Z n  −  v n ]  [      m  11    m  12    m  13    m  14    m  21    m  22    m  23    m  24    m  31    m  32    m  33    m  34 ] =  [     0   0   ⋮   0   0 ]


  ( u 2 , v 2 )


  ( X 2 , Y 2 , Z 2 )


   [     312 . 747  309 . 140  30 . 086  1  0  0  0  0  − 880 × 312 . 747  − 880 × 309 . 140  − 880 × 30 . 086  − 880   0  0  0  0  312 . 747  309 . 140  30 . 086  1  − 214 × 312 . 747  − 214 × 309 . 140  − 214 × 30 . 086  − 214   305 . 796  311 . 649  30 . 356  1  0  0  0  0  − 43 × 305 . 796  − 43 × 311 . 649  − 43 × 30 . 356  − 43   0  0  0  0  305 . 796  311 . 649  30 . 356  1  − 203 × 305 . 796  − 203 × 311 . 649  − 43 × 30 . 356  − 203         ⋮         X n   Y n   Z n   1 n  0  0  0  0  −  u n  X n  −  u n  Y n  −  u n  Z n  −  u n   0  0  0  0   X n   Y n   Z n  1  −  v n  X n  −  v n  Y n  −  v n  Z n  −  v n ]  [      m  11    m  12    m  13    m  14    m  21    m  22    m  23    m  24    m  31    m  32    m  33    m  34 ] =  [     0   0   ⋮   0   0 ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  w  [     u   v   1 ] =  [     𝛼  s   u 0   0  𝛽   v 0   0  0  1 ]  [      r  11   r  12   r  13   t x    r  21   r  22   r  23   t y    r  31   r  32   r  33   t z ]  [     x   y   z   1 ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  w  [     u   v   1 ] =  [     𝛼  s   u 0   0  𝛽   v 0   0  0  1 ]  [      r  11   r  12   r  13   t x    r  21   r  22   r  23   t y    r  31   r  32   r  33   t z ]  [     x   y   z   1 ]


   [     w u   w v   w ] =  [     ∗  ∗  ∗  ∗   ∗  ∗  ∗  ∗   ∗  ∗  ∗  ∗ ]  [     x   y   z   1 ]


  𝐱 = 𝐊  [     𝐑  𝐭 ]   𝐗


  w  [     u   v   1 ] =  [     𝛼  s   u 0   0  𝛽   v 0   0  0  1 ]  [      r  11   r  12   r  13   t x    r  21   r  22   r  23   t y    r  31   r  32   r  33   t z ]  [     x   y   z   1 ]

